Final Practice Problems

Spring1999.6) Find and classify the critical points of f(x,y) = y* — 23y + 3xy.
Ans (v/3,0) «— saddle; (—v/3,0) «— saddle; (0,0) +— saddle;

(1, —1) «— local min; (—1,1) «— local min

Spring1999.7) Use the method of Lagrange multipliers to find the largest value
and the smallest value of f(x,y) = 2% + y* on the curve z* + y* = 16.

Ans: The cp’s are (0,42), (£2,0), (£8/4, £8/4).
Smallest value of f is 4, largest value of f is 4v/2. ‘

Spring1999.8) Find the volume of the 3-D region enclosed by the surfaces

160
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y=a22y=4,2=5+ux, z=2x. |Ans

Spring1999.9) A mass distribution occupies the region which is above z = 2% + y?
and under z = 4. If the mass density function is d(z,y,z) = 2z units of

mass/unit volume, calculate the total mass.

Spring1999.10) Show that the force field

- 2x - 2y -
F=1{2 — |2 2 1]
(xy—l—xz_“ﬂ)z—l—(x +x2—i—y2+ )]

is conservative in the region (z,y) # (0,0) by finding a potential function for it.
Now use this potential function to calculate the work done by F as it acts on
an object which moves from (2, 1) to (3,4) along any path which does not pass
through (0, 0). ’Ans: After finding a potential function, the work is 35 + In 5.

Spring1999.11) Use Green’s theorem to evaluate the line integral

/(y2 + 12zy)dx + (62° + y*)dy
c

where C' is the triangle with vertices (0, 0), (1,0), (0, 1) directed counterclock-

wise. | Ans —%

Spring1999.12) Evaluate the surface integral / / ydS where S is the parametrized
s

surfacex:%tQ,y:%,z:s,0§s§2,0§t§1. Ans %(5\/5—4\/1_1)




Fall2000.12) Verify Stokes’ theorem by directly calculating both sides of the
equation where the vector field is F' = y;— xj + zk and the surface is
4y +22=42>0.

Solution: curlF = ... = —2k.

For 22 + 9% + 22 =4, = %(m,y,z).

//S(curlﬁ).ﬁdsz// —2dS = / / —2cos )4 sin ¢pdpdh = ... = —8r

Or even easier, take z = /4 — 22 — y? then

//S(curlﬁ) - 7dS = //R[O(—%) + 0(—2—2) + (—2)]dzdy

= // —2dxdy = (—2)area(R) = (—2)4m = —8r.
R
For the other side we calculate the work done along the boundary:

The boundary is the curve 2% + y? = 4, z = 0. Parameterize this to get

r=2cost,y=2sint, 2=0,0<t <27
dr = —2sintdt, dy = 2costdt, dz = 0.

2m
/ ydxr — xdy + zdz = / (—4sin*t — 4cos?t)dt = —8.
c 0



Fall2000.11) Let S be the closed surface, consisting of two pieces which bounds
the 3- dlmenswnal region Wthh is under z = 4 — 2?2 — y? and above the zy-
plane. Suppose F =i+ y] + k. Verify the divergence theorem in this case
by calculating both sides of the equation and seeing that they are equal.

Solution: divE = 2 + €7

///T(divﬁ)dvz///T(2+ez)dV://1%/04_T2(2+6z)dzd14

2m 2
= / / (8 = 2r2 + € —1)rdrdd = ... = 117 + me*.

Let S; be the top parabaloid and S5 be the bottom plane. Then,

//S1 F-idS = //R(x(Qx) +y(2y) + e*)dady = /0277/02(273 I 64*T2)rdrd9

= ... = 157 + we*.

IR T ——.

Thus the total outward flux is 157 4+ we* + (—4m) = 117 + met.

Note that on the above two surface integrals you can plug in what z is on the
surface. For example, on S;, z = 4 — 2% — y?; and on Sy, z = 0.



Fall2000.10) The force field F = y2;+ xyf acts on an object as it moves in
the plane. Suppose the object is moved from (0,0) to (3,6) by first going
along y = z* from (0,0) to (2,4) and then along y = 2z from (2,4) to (3,6).

Calculate the work done by F. | Ans 1

Spring1999.1) An object is moving in 3-space in such a way that its acceleration
vector as a function of time is @ = (cost)i — (sm t)k Suppose you know that

at time ¢ = 0, the velocity vector is #(0) = i + j + k and the position vector is
7(0) = j. Find the velocity vector and the position vector as functions of ¢.

Ans 7= (1 +sint)i+ j + costk, 7= (1+t—-cost)i+ (1+1)j+ (sint)k

Spring1999.2) A particle is moving in the plane along the curve y = (z + 1)?
in the direction of increasing x. It is moving at a constant speed of 4 ft/sec.
a) Find ar and ay when the particle is at (z, (z + 1)?).

32
1+ 4(x + 1)2)3/2
b) Find the velocity vector and the acceleration vector when the particle is at
(0,1).
Ans v = \/igﬂ— \%j and @=-%i+327 at (0,1)

Ansar =0, ay=

Spring1999.3) The force field F = —y?+ 2:10; acts on an object as it moves in
the xy-plane. Calculate the work done by F as the object moves from (0, 0)
to (2,7) along the following path: First, along y = 2 from (0,0) to (2,4);
second, along the vertical line segment from (2,4) to (2,7). | Ans 20

Spring1999.4) Let f(x,y) = 2° + zy* — xy.
a) If you are moving along the straight line through the point (z,y) = (1, 2)
toward the point (z,y) = (4,1) what is the instantaneous rate of change of

f(x,y) per unit distance that you will observe at (1,2)? | Ans \}—130

b) If you are at (x,y) = (1,2), in which direction should you go it you want

f(x,y) to increase most rapidly? | Ans 57 + 3

Spring1999.5) Find the equation of the tangent plane to each of the following
surfaces at the specified point:

a) To the graph of f(z,y) = ze™™ at (1,—2,¢?).

Ans 3e*(z —1)—e*(y+2) — (2 —€*) =0
b) To zy? 4+ yz? + za? =5 at (1,2, —1).
Ans 2(x — 1) +5(y—2)—3(z+1) =0
c¢) To the parametrized surface * = s +t, y = t* + s, 2 = s at the point

obtained when s =2 and ¢ = 1.
Ans —24(z —5)+12(y —3)+ 7(2 —8) =0




Fall2000.2) An object is moving in 3-space in such a way that its acceleration
vector as a function of time is @ = f+ (cost)k. Suppose that at time ¢ = 0 you
know that its velocity vector is ©(0) = i and its position vector is 7(0) = k.

a) Find the velocity vector and the position vector as functions of time t.
Ans T=7+4t] + (sint)k, 7=ti+ 55+ (2—cost)k

b) Give the parametric equations of motion.

Ans z =t, yz%, z=2—cost

c¢) Find the curvature at time ¢ = 27.

V2 4 472

(1 + 472)3/2

Ans

ey

22 +y?
Both x and y are changing with time ¢ and suppose at a certain instant we
dx dQ

know that x =1, y =2, — = —2 and Y _ 6. Use the chain rule to find —
dt dt dt

Fall2000.3) A quantity @ depends upon z and y according to @ =

at this instant.

2e2
Ans :

Fall2000.4) Use the method of Lagrange multipliers to find the maximum value
and the minimum value of f(x,y) = y* — 2y — x? on the circle 2% + y* = 4.

Ans f(0,2) =0, f(0,—2) =8 «— max f(£iv151) =28« min

Fall2000.5) Given three points P(1,0,1), Q(2,0,0), R(—1,2,2)
a) Find the area of the triangle having P, @ and R as vertices. | Ans %

b) Find the angle at the vertex P of the triangle having P, ) and R as vertices.
[Ans 0 = 135°
c¢) Find the equation of the plane containing the points P, @) and R.
Ans (2,1,2)- (z— 1,y —0,2—1) =0

Fall2000.7) Find the volume of the 3-dimensional region enclosed by the sur-
facesy =22, y =4, and z = 10 —y, z = 0.

1216
Ans =

Fall2000.8) Calculate the area of that part of the surface 2 = y? which is above
the region of the xy-plane bounded by y =z, x =0, and y = 1.

Ans (55 —1)




Verity the dlvergence theorem for the special case Where the vector field is
F =i+ Y] + 2k and the surface S is the sphere % + y? + 22 = 4 by direct
calculation of both the surface integral and the triple integral.

Solution: divE =1+1+1= 3, S0

///T(divﬁ) dv = ///T 34V = 3vol(T) = 3 - gﬂgs _3om

To calculate / / F - iidS, we find the outward pointing unit normal to
S

T - - 2y
x2+y2+22:418ﬁ:§i+%j+§k' Also,

2

N Vo 4

F- — 4 =4+ =—==-=2.
n = 2+2+2 5

Thus //SF’ L fidS = //S 2dS = 2 // dS = 2area(S) = 2(4m(2?)) = 327



Verify Stokes’” Theorem by directly calculating both sides of the equation in
the special case where the vector field is F' = zyi + zk and the surface is
z=a?+y? z <4

7Tk
Solution: curlF' = | 9, 9, 0, |=vyj — zk.
0 =z

// CurlF -ndS = // —2y) — z)dxdy = // —z% — 3y*)dxdy
2m 2 2w p2

= / / (—r? cos? § — 3r?sin’® 0)rdrdf = / / (— cos? @ — 3sin® 0)rdrdd
o Jo o Jo

27
= —1(1 4+ cos20) — 3(1 — cos20)]dO = 4(—L — 2)27r = —167.
2 2 2 7 32
0

On the other hand, the boundary curve C is when 2% 4+ 3y = 4, and 2z = 4.
Now parameterize,

C:x=2cost,y=2sint, z2=4,0<1t <27
dr = —2sintdt, dy = 2costdt, dz = 0.

27
fﬁ-fds = 7{ zydaz+zdz:/ 4(2sint)(—2sint)dt
c c 0

2
= —16/ (1 — cos2t)dt = —16(3)2m = —167.
0



