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Abstract

We discuss the effects of several sequence acceleration methods on the partial sums of Fourier series. For
a large set of functions we show that these methods fail.
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1 Introduction

Because of the widespread applications of Fourier series, it is of interest to analyze their speed of convergence.
Particularly enticing is the possibility of applying methods to accelerate this convergence. Various methods
of acceleration of convergence of sequences have been applied with some success to the partial sums of Fourier
series. In this paper, we discuss the application of some well-known methods of sequence acceleration to the
partial sums of Fourier series.

For a function f which is integrable on [—m, 7], we define the Fourier coefficients by

f(n) = % /j f(z)e ™ dy

for each integer n, and we define the n'" partial sum of the Fourier series as

Suf(@)i= 3 k),

k=—n

where n is a positive integer and z is in [—7, 7.

When f is square-integrable, S, f(x) converges to f(z) in L?, that is, [ _|S,f(z) — f(z)|*dz — 0 as
n — oo. Carleson [6] showed that for square-integrable f, S, f(x) — f(x) at every point except for a set of
zero Lebesgue measure. Earlier results due to Dini-Lipschitz, Lebesgue and Dirichlet-Jordan give conditions
for pointwise convergence (see e.g., Zygmund [17] for these). A typical result of this type is the theorem
of Dirichlet-Jordan: If f is of bounded variation over [—m, 7], then S, f(z) converges to f(x) at a point of
continuity of f.

Given a numerical sequence {s,,} which has limit s, we say a transformation s}, of s,, accelerates conver-
gence if there exists a k such that each s} depends only on sg,...,s,+r and s, converges to s faster than
sn. Many sequence transformations have been developed to speed convergence of numerical sequences which
arise in many contexts (see e.g. Brezinski and Redivo-Zaglia [5], Delahaye [7], Sidi [13] or Wimp [16]).

Consider a sequence {a,}, n = 0,1,2,3..., and set s, = >.,_,ar. The §? process (or §? transform)
takes the sequence s,, and transforms it to

61(5 ) —t = Sn+1Sn—1 — 331 _ _ (5n+1 — Sn)(sn — Sn—l) (1)
! " Sn+1 + Sp—1 — 2Sn " (5n+1 - Sn) - (Sn — Sn71)7

where we set t,, = s,, if the denominator of the fraction is zero.
This transformation is usually attributed to Aitken [2], although the idea had appeared earlier in the
works of other authors. Generalizations of this transformation, which transform a sequence {s, } into a family



of sequences {ey(sn)}, were studied extensively by Shanks [12] and for this reason these transformations are
sometimes called Shanks transformations.
Let p, = ant1/an. The Lubkin W-transform of s, is

(In+1(1 - pn-’rl) (2)
1- 2pn+1 + PnPn+1

* Pp—
S, = Sp +

In the case when the s, are the partial sums of a geometric series, both of these transforms produce
a constant sequence, in which each term is the sum of the series. Shanks [12] shows an acceleration of
convergence using (1) for partial sums of series which are, in a sense made precise in [12], “nearly geometric”.
Consider the function f on the interval [—m, 7] given by f(z) =1if 0 <z <, f(z) =-1if -7 <z <0.
After computation and simplification, its Fourier series is:

4 sin(2k — 1)z
f”%; % —1 ©

At x = 5 we obtain the slowly convergent Leibniz series: 1 = %(1 - % + % - % + ...). Shanks [12] applies
the transformation (1) and iterations of this transform to the sequence of partial sums and the results are
dramatic: tg is accurate to three significant figures, and iterating the transform four times gives a sequence
whose fifth term is correct to eight significant figures. By contrast, Shanks notes it would take over 40,000
summands in the original series to obtain this accuracy.

Smith and Ford [15] used numerical tests to compare different methods of convergence acceleration on
the partial sums of Fourier series. Using a set of five points they tested slowly and rapidly converging Fourier
series and showed some improvement of convergence in some cases. Drummond [8] discusses many methods
of convergence acceleration and includes discussion of their application to Fourier series.

Although with specific series it is possible to get better approximations — even dramatically better results
at some points — neither the §2 process nor Lubkin W-transformation behave well in general. Consider a
function which is 27 periodic and C? except for a single jump discontinuity, at say, the endpoints —7 and
m. The following lemma gives the order of decay of its Fourier coefficients.

Lemma 1. Let f € C?([—n,7]). Then for every integer n,

N _1\n+1 _1\n /;
oo 0+ S5 2

where a = [f(m) — f(—m)]/m and B3 = [f'(7) — f'(—m)]/m.
F7(n)

n

This is easily shown using integration by parts. Notice also that = o(-) as |[n| — oo by the
Riemann-Lebesgue lemma. (See, e.g. Zygmund [17], pg. 45.)

Thus, for functions which are well-behaved except for a single jump discontinuity, the Fourier coefficients
decay like O(%), so such series converge very slowly, exactly like the example (3) given above. It would
be particularly fruitful if the convergence of such series could be accelerated by application of either the §2
process or the Lubkin W-transform. Unfortunately, either of these work well at all, in fact, the results are

quite bad. Not only is convergence not accelerated, it is completely destroyed.

Theorem 1. (Abebe, Graber, Moore [1]). Suppose that f € C?(|—m,n]) and that f(—=) # f(x). Consider
the sequence S} f(x) formed by applying the 62 process (1) to the sequence S, f(z). Then S} f(z) fails to
11

converge to f(x) at every x of the form x = 2ma, where a € (—3, 5) is irrational.

Theorem 2. (Boggess, Bunch, Moore [4]). Suppose that f € C*([—n,7]) and that f(—m) # f(x). Consider

T,
the sequence S} f(x) formed by applying the Lubkin W-transform (2) to the sequence Sy, f(x). Then S f(x)
fails to converge to f(x) at every x of the form x = 2mwa, where a € (—i, i) 1s irrational.

Remarks. Both theorems consider f with a jump discontinuity at the endpoints of the interval. These
results remain valid for any 27 periodic function f which is C? except for a single jump occuring in the
interval [—, 7.



At a jump discontinuity of f, the partial sums of the Fourier series exhibit the Gibbs phenomenon and
many authors report difficulties with acceleration methods near such a discontinuity. These theorems show
that an application of the 62 process to the partial sums causes difficulties just about everywhere, and that
if one applies the Lubkin W-transform to the partial sums of a Fourier series with a jump discontinuity, then
curiously, difficulties appear on a dense set away from the discontinuity.

We should mention a few results on convergence Instead of the partial sums S, f, consider separately

the series — A )+ Zf e*® and f )+ Zf Je~ %% A result of Sidi [14] shows that if, say, f is

smooth enough w1th a single jump dlscontlnmty, then the Lubkin transform can be used to approximate
these accurately, and consequently, an approximation of f is obtained upon adding these two approximations.
Brezinski [3] used a similar idea in a study of the effect of the ¢ algorithm (similar to the Lubkin transform) on
the Gibbs phenomenon. Given a Fourier series add to it its conjugate series as an imaginary part. Applying
the € algorithm to the resulting power series is then equivalent to the computation of Padé approximants
and by taking real parts one obtains an approximation of the original function with the Gibbs phenomenon
reduced.

2 The proofs of the Theorems
In this section we give a sketch of the proofs of the Theorems. Proofs can be found in [1] and [4], although

the proofs we outline here are a little more efficient. If S, f(x) denotes the sequence of partial sums of the
Fourier series of f, applying the 62 process (1) results in the sequence of functions:

(F=+ e 07 4 fn 4 1)) (f—memine + fln)eine)
(-

f
S* = Sn - F .
nf (@) f(=) ( (n+ 1))e—iln+hz 4 (n +1) ei(n+1)x> ( n)e~inT 4 f(n)emw)

Applying the Lubkin transform (2) results in the sequence of functions:

* an+1(1 = pnt1)
Suf(@) = S, f(a) + gt —Lesl) (5)
where
an = Spf(x) = Sp-1f(z) = f(_n)eiim: + f(n)emx (6)
and R
_ Ong1 _ f(=(n+1))e™ DT 4 fn 4 1)eln e (7)
A f(=n)e=ine 4 f(neins

Since the functions we are considering have bounded variation, the Dirichlet-Jordan theorem applies so
that S, f(x) converges to f(x) at every point of the interval (—m, 7). Therefore, Theorem 1 will be shown if
we show that the expression

(F(=+1)eimDe 4 fn 4 1)) (f-mjemine 4 fln)eins)

f
(f(_(n+ 1))e-itntDe 4 f(n 4 1) ez(n+1)i) ( n)e=ine f(n)eim») (8)

has a subsequence which stays away from 0 at all x of the form z = 27a, a € (—%, %), a irrational. Likewise,
to show Theorem 2, it suffices to show that the expression (with a,, as in (6) and p,, as in (7))

an+1(1 - p7l+1) (9)
1- 2pn+1 + PnPn+1

has a subsequence which stays away from 0 at all z of the form z = 27a, a € (—1, 1), a irrational.



Lemma 1 gives
ay = f(_n)e—inw + f(n)ezn:z

_ ((—1)n+1a LE, ﬁ’(n)) e ( GV G Vi ?“(—n))

2in 2n? n? 2in 2n? n?
_1\n+1 _1\n "(__ "
— a( 1) . ( + ﬁ 1) ( _ ?\( n) —inr __ f/‘\(n) inT (10)
=—— ——sin n) —3 o8 n) e €
a(—1)n+t

= sin(na) + &,

where &,, = 5(;21)n cos(nx) — %e_mm - %(Q")eim satisfies |e,| = O(J5).

Using this notation, we may write the fraction (8) from the right hand side of (4) as:

((72:& asin(n + 1)z + an) <(*1T):+1 asinnx + z—:n)

((712:1” asin(n + 1)z + €n+1> - (%a sinnz + 5n))
(=" <a sin(n + )a 4+ (=1)"(n + 1)5n+1> ( — asinnz + (1)”n5n>
- . (11)
a(n sin(n + 1)z 4+ (n + 1) sin nx) +n(n+1)(-1)" <€n+1 - 8n>

(-1

We temporarily set, for typographical convenience, s(n) = ~——~-——asinnz. Then the fraction (9) from
the right hand side of (5) can then be rewritten using (10) and simplified to become:

nn+1)(s(n) +en)(s(n+1) + eny1) <s(n + 1) +enp1 —s(n+2) — En+2>

n(n + 1)(<s<n> Fen)(s(n 1) + enpr) — 2s(n) + ) (501 +2) + ensn) + (500 + 1) + npa) (s + 2) +sn+2>)

(12)
To finish the proof of Theorem 1, use the identities sin na = sin(n +1/2)x cos § —sin § cos(n+1/2)x and
sin(n + 1)z = sin(n 4 1/2)x cos § + sin § cos(n + 1/2)x to rewrite (11) as

o? (sin2 2 cos®(n+ %)z —sin®(n + 1)z cos® %) +(—1)"« (nen sin(n + 1)z — (n + 1)en41 sin nx) + En€nt1
—1 n
(=1 a(sinnz + 2ncos Z sin(n + 3)z) + n(n+1)(=1)"(ent1 — &n)
(13)
We claim: Given x = 27a, a irrational, there exists integers m, — oo such that |sin(m, 4+ 1/2)z| < 57—.
Assuming this, then also sin’(m,, + 1/2)z — 0 and hence cos?(m,, +1/2)z — 1 as m,, — co. Recalling that
en = O(:%), we notice that along the sequence m, the denominator of (13) is bounded,

. T . 1 m
o sinmya 4 2m,, cos 5 sin(m,, + 5)33) + Mg (Mg 4+ 1) (=1)"" (€41 — Em), )
1
< C + |2am,, sin(m,, + 5):6\ < C+ am,

and that as n — oo along the sequence m,,, the numerator of (13) is asymptotically (—1)" > sin? 5. Thus,
along the subsequence m.,, the expression (13) fails to converge to 0, and thus S f fails to converge to f

It remains to substantiate the claim. This follows from the following lemma whose proof is similar to the
proof of Theorem 7.11 in Niven and Zuckerman [11].

Lemma 2. Let a be an irrational number. Then there exist infinitely many rational numbers % with k odd
such that |a— %| < kl—z



The lemma then shows the claim: Let {m,} and {l,,} be sequences of integers such that {m,,} is strictly

l

N 1 1
@~ 5277 | < @A < TZiomn Thus, for each n,

increasing, each m,, is positive, and, for every n,

1 1 1
| sin(m,, + §)$| = |sin ((mn + 5)95 — l,ﬂr)\ < |(my + 5)95 — L7l
1 ™
2m, +1 =
< (2mn + )W4m% +2m,  2m,

= |(2m,, + )wa — l,7| = |(2m,, + D)7 |a —

_mn
2m, + 1

which establishes the claim and completes the proof of Theorem 1.

The end of the proof of Theorem 2 is similar but a little more technical so we merely provide a sketch
of the proof. The details can be found in [4]. We examine both the numerator and denominator of (12).
Because ¢, = O( #), the denominator behaves asmptotically like

n(n+1) (s(n)s(n +1) = 25(n)s(n +2) + s(n+ 1)s(n + 2)> +0 < 1) .

n

(_1)n+1

Recalling that s(n) = asinnz and simplifying, this becomes:

1
nt sinnsin ((n + 2)z) +

—a? <sinna:sin ((n+1)z) +2n+2 ni2

sin((n + 1)z) sin ((n + 2):c)> +0 (%) .

Lemma 3. Given x = 27wa, a € (f%, %), a irrational, there exists an infinite number of ny such that

1
sinnga sin ((ng + 1)z) + 222 1 5 sinnga sin ((ng + 2)z) + R sin ((ng, + 1)) sin ((ng + 2)z)
44 48w
<
ng

Again, as in the case of Theorem 1, this reduces to a fact from number theory on the approximation of
irrationals by rationals. In this case the relevant Theorem is an approximation due to Chebyshev (see A.
Ya. Khinchin [10], Theorem 24, p. 39).

Thus, for x as in the hypotheses of Theorem 2, along the sequence ny, the denominator of (12) is bounded
N

Because €,, = O(%), along the sequence ny the numerator of (12) behaves asmptotically like

ng(ng + 1)s(ng)s(nk + 1) (s(nk +1) —s(nk + 2)) +0 <12>

g

which, after using the definition of s(n) and simplifying becomes:

a3(_1)nk+1 sin ((nk)m) sin((nk + l)x) <Sin((nk + 1)$) + sin ((nk + 2)I)> +0 (iz) . (14)

ng +1 ng + 2 ng

The following lemma will then give the desired estimate of the numerator. Its proof involves some
trigonometric identities.

Lemma 4. For x and {n;} as in Lemma 3, the expression

sin((ng +1)z)  sin ((ny + 2)x)
ng +1 ng + 2

o®(=1)™ 1 sin ((ng,)z) sin ((ng + 1)) <

is bounded below, for ny large, by n—ck for some constant ¢ (which depends on x but not ny ).

From this and (14), we conclude that along the subsequence ny the numerator of (12) is bounded below
by n—°k for ny large. The estimates for the numerator and denominator of (12) then give a subsequence along
which the fraction (9) appearing on the right hand side of (5) fails to converge to 0 and consequently shows
Theorem 2.



3 Conditions under which sequence acceleration fails

Ideally, we would like to be able to determine necessary and sufficient conditions which would insure that
an application of the 62 process or Lubkin transform does not destroy convergence. Even better, we would
like to know necessary and sufficient conditions which would insure these transforms actually accelerate
convergence. In this section we will make little progress on these questions; the results we give will show
just how difficult these questions are. We will focus on a discussion of the §2 process. Similar analysis could
be given for the Lubkin transform, but we will not discuss this.

For functions with a single jump discontinuity, we have seen that the Fourier coefficients decay like ﬁ as
n goes to infinity or negative infinity. This might lead to the conjecture that the rate of decay of the Fourier
coefficients plays a role. This isn’t necessarily true.

n oo
Proposition 1. Let s,(z) = Z ape’®® n=1,2,... be the partial sums of the series Zake““ where the
k=1 k=1
ay are real, ap # 0 for every k, and ar, — 0 as k — oo. Let t,(x) be the sequence of functions obtained
by applying the 6% process (1) to the sequence s,(x). Then at any x € [—m, 7|, ©* # 0,—m, 7 at which
lim,, 00 Sn(x) exists, then so does lim,, o tn(z) and the two limits are equal.

Remarks. 1. In particular, if the s, (z) are the partial sums of the Fourier series of an f € L[—m, 7] then
by the Riemann-Lebesgue lemma a,, = f (n) — 0 as n — oo. Thus, at points where the Fourier series of f
converges (except possibly at 0, —, 7) the transformed partial sums will converge to the same sum. For any
f € LP[—m,x], p > 1, the Carleson-Hunt theorem shows that s,(z) — f(z) a.e. and hence at each point
of convergence (except possibly 0, —7, ), the transformed partial sums will converge also to f(z). However,
note that here we require that the a, = f (n) are real so this is a very restricted class of functions.

2. The conclusion of the proposition is only that in this case an application of the 62 process does not destroy
convergence. We do not know whether or not convergence is accelerated.

Proof. Explicitly ‘ ‘
Uni1 ez(n+1)waneznw

an+1ei(n+1)z _ aneinm

tn(z) = sp(x) —

The limit of ¢, (z) is the same as the limit of s, (z) if and only if the fraction on the right hand side of
this equation goes to 0 as n — oco. We have

1(n+1)man einz

an+41€ _ |an+1||an| _ |a'n+1||an| < |a'n+1||an| _ |an|
Apypeithz — g eine |ani1€™® —ay|  |any1co8T —ap +ianp1sinz| = |ager]|sinz]  |sinz|’

If & # 0, —m, 7 this last expression tends to 0 as n — oo.
O

We conclude that it doesn’t seem to be the decay of the coefficients which determines if an application
of the §2 process will destroy convergence. Recall that Theorem 1 applies to a function with a single jump
discontinuity. Is it the lack of continuity which leads to the problems with the application of the 62 process?
As we will see, the answer is no. We will see that things can go bad even with continuous functions. We

introduce the Hardy-Littlewood series
ncT

0o
eicn logn €
E 1
n3te
n=1

where we suppose that « is real and c is positive. This was studied by Hardy and Littlewood [9]; see also
Zygmund [17], Chapter 5 for a discussion of this series. The fact we need is that if @ > 0 then the partial
sums of the series are uniformly convergent. Hence, in this case, the series is the Fourier series of a continuous
function.



Theorem 3. Suppose ¢ >0, 0 < a < % Consider the partial sums

E ezck logk ~ 6
kate

of the Hardy-Littlewood series and let t,,(x) be the sequence of functions which results from an application of
the 82 process (1) to the sequence s, (x). Then at every x, t,(z) fails to converge to the same limit as s, ().
In fact, if 0 < a < %, the sequence t,(x) has subsequences which become unbounded.

Proof.
ic(nd1)log(n+1) ' »tDr  ienlogn em®
e g £ e en <
(n+1)7+a nzte
to(z) = sp(x) — — TeEy A .
eic(n+1)log(n+1) €™ - Y _ eicnlogn 6;"2
(n+1)2te n2te

As in previous proofs, the conclusion will follow by exhibiting the bad behavior (as n — 00) of the fraction
on the right. Taking absolute value and simplifying we obtain

ete(n+1)log(n+1) el(ntie eicnlogn eine

(n-i-l)%_*'(y n%+a . 1 (15)
etc(n+1) log(n+1) % _ eicnlogn ei:: n%+aeic(n+1)log(n+1)eim _ (TL + 1)%+aeicn logn
n 2 nz

We estimate the denominator of this expression.

n%+aeic(n+l)log(n+l)eiaj (n+1) It gicnlogn <

‘n%Jraeic(nle) 10g(n+1)€ix o n%+a6icnlogn + ’n%Jraeicnlogn o (Tl + 1)%+a6icnlogn =T+ 1T
each of which we estimate separately.
By the mean value theorem, there is an n* between n and n 4 1 so that
1 1 1 1 n®
II:‘n5+°‘—n+1 st — [~ f o) (n*) 2> < —l—a —
(n+1) 5 +Ha) o) o
Let k be a positive integer. Then
I = n%—&-a eic(n+1)log(n+1)+im _ eicn logn| _ n%—&-a eic(n+1)log(n+1)+iw—2kﬂ'i _ eicn logn

Using the fact that |e?® — €| < |a — b for all real numbers a and b, we estimate that for any positive
integer k,

1
I <npite c¢(n+1)log(n+ 1)+ — 2km — cnlogn| = nrte enlog(1l + E) +clog(n+1)+x — 2km

< ni+e

clogln+1)+ax+c—2kn| =1L+ 1

1
clnlog(l+ =) — 1‘ +prte
n

To estimate I; we will use the fact that |% log(1+4n) — 1| < |n| for [y| < 3. This is easily shown using
Taylor series. Using this estimate with n = % yields

1 «
nlog(l+ =) — 1‘ <
n

1
I, =n2t2¢
vn

We now examine I. Fix a positive integer k, assume k is large. Then, given x € [—m, 7], there exists an
integer ny such that
clogng +x+c¢ < 2km and clog(ng + 1) + x + ¢ > 2km.



But then

1
lclog(ng + 1)+ + ¢ — 2kn| < clog(ny +1)+xz+c— (clogni + x4+ ¢) =clog(l+ —) < <.
ng ng

Here we have used the fact the log(1 + n) < n for > 0. Consequently, for each integer k sufficiently large,
we can find an integer n; such that

l+a ng
I =n} “|clog(nk +1)+x+c—2kn|<c .
V1

Combining our estimates for I, Is and II we conclude that given x, there exists a subsequence ng (which
depends on z) such that

«
n%+aeic(nk+1) log(nk+1)eix _ (nk + 1)%+aeicnk logni | « C ny

V1
1

for an absolute constant C. If 0 < a < 3, we conclude that for each x there exists a subsequence ny
(depending on x) along which the denominator of (15) goes to 0. Thus, along this subsequence |t,, (z)| — 0.
If @ = § we conclude that there is a subsequence ny (depending on x) at which the denominator of (15)
remains bounded by an absolute constant C. Then, along this subsequence |t,, (z) — s, ()] > &.

O
Remarks. Consider the real and imaginary parts of the partial sums of the Hardy-Littlewood series
3 cos(ck lcl)g k+ kx) and z”: sin(ck 1cig k+ kx) (16)
k=1 k2t k=1 k2t

Because the 62 process is a nonlinear transformation, we do not expect the real and imaginary parts of the
transformed complex Hardy-Littlewood series to be the transformed real and imaginary parts of the complex
Hardy-Littlewood series. However, we can say something about the transformations of the two series (16).
Consider the transformation of each of these series. To analyze the behavior of the transformed cosine series
involves examining the fractions

cos(c(n+1)log(n+1)+(n+1)x) cos(cn log n+nx)

(n+1)%+a n%Jro‘
cos(c(n+1) log(n+1)+(n+1)x) cos(cn log n+nz)
T - T
(n+1)2T n2te

B | cos(c(n + 1)log(n + 1) + (n + 1)z) cos(cnlogn + nx)|
[nz+e cos(c(n + 1) log(n + 1) + (n+1)z) — (n+ 1)z cos(cnlog n + nx)|

Similarly, the behavior of the transformed sine series in (16) is analyzed using the same expression with
cosine replaced by sine. Notice that the denominator of this last expression is less than the denominator

of the expression in (15). Fix an x. Then corresponding to this x there is a sequence n; along which the

«
LA

N

Furthermore, by estimating as in the estimate of I in the proof above, we have that

denominator is bounded by ¢ . This is also true for the same expression when cosine is replaced by sine.

2c
| cos(c(ng + 1) log(ng + 1) + (ng + 1)) — cos(cng log ng, + ngx)| < —
k
with a similar estimate involving sine. Thus, for large ng, cos(c(ny + 1)log(ng + 1) + (ng + 1)z) =~
cos(cny logny, + niz) (and similarly for sine) so that for large ny, either

1
| cos(c(ng + 1) log(ng + 1) + (ng + 1)z) cos(cng log ng + ngx)| > o

1
|sin(c(ng + 1)log(ng + 1) + (ng + 1)x) sin(eng log ng + npx)| > M



(or both) hold. We conclude that given x, there is a sequence ny along which either the transformed partial
sums of the cosine series or the transformed partial sums of the sine series fail to converge (or both). Thus,
for either the cosine series or sine series in (16) the transformed partial sums fail to converge on a set of
positive measure. We suspect that both probably fail to converge at all z. In any case, we have an example of
a real sine or cosine series whose partial sums converge to a continuous function, such that the transformed
partial sums do not converge for a large set of x.

4 Remarks and further results

The transformation (4) also fails to produce convergence at points of the form z = 2% where % is in lowest
terms and & is odd. See [1] for details. In both Theorems 1 and 2 it is quite likely that convergence fails
at other x also but we have not been able to show this. It is possible to apply some of these methods to
iterations of these transforms, to functions with more than one jump, and to some other slowly converging
series. See [1] and [4] for these results.

Consider the function f(z) = z. Figure 1 shows the partial sums of its Fourier series, S, f(x), for n = 25
and 100 on the interval [0,7]. (This tells the whole story; f as well as all S, f are odd functions.) The
transformed partial sums S f(x) using the 62 process are shown for the same values of n in Figure 2. The
graphs show the difficulties which occur at a dense set of values in (—m, 7). Figure 3 gives the transformed
sums using the Lubkin W-transform. The graphs show the difficulties which occur at a dense set of values
in (-%,%).

Fig2urze 4 gives both the real and imaginary parts of the 50th partial sum of the Hardy-Littlewood series

50 nx
with ¢ = 1 and a = .25, that is, Figure 4 gives the real and imaginary parts of Z el log”%. Applying the

n=1
82 process to this results in a complex valued function on [—7, 7] whose real and imaginary parts are shown
in Figure 5. To prove Theorem 3, we showed that given an x the transformed nth partial sum differs from
the nth partial sum for values of n = ny, which satisfy clogny +x+c¢ < 2kr and clog(ng+1)+z+c > 2kn
for some positive integer k. Since the sequence logn grows very slowly, for a given x, this doesn’t happen
very often, and so it’s not surprising that the graphs in Figure 5 contain so few spikes. Examination of both
graphs in Figure 5, and a careful examination of the data used to create Figure 5 reveal a noticable spike in
the data at about 1.37. We note that log(50) +1.37 + 1 ~ 6.28 < 27 but log(51) + 1.37+ 1 ~ 6.30 > 27. At
the point x = 1.37 it’s not until n = 26805 that log(26805) + 1.37 + 1 < 47 but log(26806) 4+ 1.37 + 1 > 4.

It is likely that the methods in this paper could be applied to show that other sequence acceleration

transforms may give unreliable results when applied to Fourier series. We suspect that similar difficulties
can be proven to exist for other transforms. Currently, each transform considered seems to require a different
analysis so it would also be of interest to develop more general methods for these type of theorems. These
are topics for future study.
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Figure 1: Partial sums S, f, where f(x) = «, for n = 25 and n = 100
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Figure 2: The 62 process applied to partial sums S, f for n = 25 and n = 100
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Figure 3: The Lubkin W-transform applied to partial sums S, f for n = 25 and n = 100
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Figure 4: The real and imaginary parts of the 50th partial sum of the Hardy-Littlewood series
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Figure 5: §2 applied to 50th partial sum of the Hardy-Littlewood series: real and imaginary parts
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