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In this note | will survey somerecert work on quartitativ e unique cortin uation
problems which have had someinteresting applications. These results have their
origin in recert work with J. Bourgain [B-K] on Anderson localization for the con-
tinuous Bernoulli model, a well-known problem in the theory of disordered media.
I will start out by describing this work. The problem of localization originates in
a seminal 1958 paper by Anderson [A], who argued that, for a simple Schradinger
operator in a disordered medium, \at suzxciently low densities,transport doesnot
take place; the exact wave functions are localized in a small region of space." In
this work we have concerrated on cortinuous models; the corresponding issuesfor
discrete problems remain open. Thus, considera random ScrAdinger operator on
R" of the form

He=j ¢+ Vo
P
where the potential V-(x) =,z "j' (Xi j), where"; 2 f0; 1g are independert,
andO- ' - 1,' 2 C} (B(0;1=10)). This iscommonlyreferredto asthe Anderson-

Bernoulli model. It is not hard to see([P-F]) that under theseassumptions
inf specH- = 0 a.s.

In this context, Anderson localization meansthat, near the bottom of the spec-
trum (i.e. for energiese > 0, E < # £ = (n) small), H- has pure point
spectrum with exponertially decaing eigenfunctions, a.s. This phenomenonis
by now well-understood in the casewhen the random potential V- hasa cortinuous
site distribution (i.e. the "; take their valuesin [0;1]). When n = 1, this was
“rst proved, for all energiesand potentials with a cortinuous site distribution, by
Gol'dsheid-Molchanov-Pastur ([G-M-P]). The extensionsto n > 1, for the same
potentials, were achieved by the use of a method, called \m ulti-scale analysis",
dewveloped by FrAhlich-Spencer ([F-S]) and Frahlich-Martinelli-Scopp ola-Spencer
([F-M-S-S]). When the random variables"; are discrete valued (i.e. the Anderson-
Bernoulli model), the result wasestablishedfor n = 1, usingthe Furstenberg-Lepage
approad, by Carmona-Klein-Martinelli ([C-K-M]) and by Shubin-Vakilian-Wol®
([S-V-W]), using the so-called supersymmetric formalism. Neither one of these
methods extendedto n > 1. We now have:

Theorem 1 (Bourgain-Kenig [B-K]). For enemiesnear the bottom of the spectrum
(0< E < 1), H- displays Anderson localization a.s. in " for n | 1.

*Supp orted in part by NSF.
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The ogly previous result when n > 1 wasdue to Bourgain ([B]), who considered
Vi(X) = oz "' (Xi ]), wherenow * (x) » exp(jj Xj), instead of * 2 Ct . The
non-vanishing of ' asjxj! 1 wasessetial in Bourgain's argumert (which also
applied to the corresponding discrete problem). In our work, on the true Bernoulli
model, we overcomethis by the useof a quantitativ e unique contin uation result.

The proof of the above Theorem proceedsby an \induction on scales"argumert.
We consider the restriction of our operator to a cube of size ™ (under Dirichlet
boundary conditions) and establish our estimatesby induction in ~. The estimates
that we establish are weak versions of the so-called\W egner estimates" ([We]),
which roughly speaking shaw that, for a large set of ", at scale”, we have \good
resolent estimates" depending favorably on °. The dixcult y in proving such an
estimate in the Bernoulli case,as opposedto the casewhen we have a cortinuous
site distribution, is that we cannot obtain the estimate by varying a singlej at a
time. Here, ‘rare event' bounds must be obtained by considering the dependence
of eigervalueson a large collection of variables, f"; gj>s. In doing this, one of our
key tools is a probabilisitc lemma on Boolean functions, used by Bourgain in his
work [B].

all j 2J. Then, for all E,
measfif | Ej < k=4g- jJj ¥

(Here measrefersto normalized courting measureon f0; 1g9). The proof of this
Lemma relieson Sperner's Lemma in the theory of partially ordered sets(see[Bo],
p. 10).

The function to which this Lemma is applied to is the eigenfunction. It then
becomescritical to nd bounds for the j ™ in°uence of eigervalues. One can see
that if » is a normalized eigenstate (jjjj.2 = 1), with eigervalue E, by rst order
eigervalue variation onehasthat 1; =  j»(x)j?' (x i j)dx. Upper bounds for this
are more or lessstandard and what is at issueis lower bounds for 1. Recalling
that (j ¢ + V.)(») = E», jj»jjL2 = 1, we are led to the following quantitativ e unique
cortinuation problem at in nit y:

Supposethat u is a solution to

¢u+ Vu=0in R", with jjVjj1 - 1

sothat jjujj; - Cp and u(0) = 1. Note that by Carleman's unique cortinuation
principle ([H]) we know that, for ead Xo 2 R", sup,;g(x,:1)JU(X)] > 0. For R
large, de ne

M (R) = inf  sup ju(x)j:
Xo=R B (x0;1)

The question that we needto addressis:
How small can M (R) be?

Theorem 2 (Bourgain-Kenig [B-K]). Under the above conditions, we have

M (R), Cexp(i CR*3logR):
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Remark (See[B-K], Section5). In order for our induciton on scalesargumert
to work to prove the weak Wegnerbgstimate, we need an estimate of the form

M(R), Cexp(i CR ), with ~ < -3 = 1:35:::. Note that 4=3 = 1:33:::.

It turns out that the problem just describedin Theorem 2 is a quartiativ e version
of a conjecture of E. M. Landis ([K-L]): Landis conjecturedthat if ¢ u+ Vu= 0in
R", with jjVjj1 - 1,jjuj1 - Co, andju(x)j - Cexp(j Cjxj'*), thenu” 0. This
was disproved in 1992by Meshkov [M] who constructed such V, u, u 6”0, with

ju)j - Cexp(i Cjxj*?):

(Meshkov also showed that if ju(x)j - Cexp(j Cjxj*™"), then u” 0). Meshkov's
example clearly shaws the sharpnessof the lower bound on M (R) in Theorem 2.
Nevertheless,in the Meshkov example, u, V are complex valued, while for many
applications, we are only interestedin real u, V. We thus pose:

Question 1. Can 4=3 in Theorem 2 be improved to 1 for real-valued u, V?

Weturn to asketch of the proof of Theorem 2. Our starting point is the following
well-known Carleman inequality (see[H]).

Lemma. There are dimensional constants C;; C,; Cs and an increasing function
w(r), dened for 0< r < 10, sothat

1 w(r)
. @

and suchthat, for all f 2 C} (B(0;10)nf0g), ® > C, we have

z Z
&  wiltfiz. c3 wi et

The classicalapplication of this lemma (see[H]) is to the following unique con-
tinuation result, due to Carleman ([C]).

Prop osition. Assumethat ¢ u= Vu in B(0;10) and that jjujj_.: - Coq, jjV]jL2
M. Supmsethat ju(x)j - CnjxjN for eachN > 0. Thenu” 0in B(0;10).

It turns out that to prove the Proposition, the power ® on the left-hand side
of the inequality in the Lemma is not crucial; in fact, any h(®) with h(®) ! 1
as® ! 1 would do. On the other hand, for Theorem 2 the exact power is
crucial and as we will seefrom the sketch of the proof, the Meshkov example
implies that no higher power than 3 can be used, no matter what the choice of
w is. To sketch the proof of Theorem 2, pick Xg, jXoj = R sothat M(R) =
SUPg (x,:1) JU(X)]. We now \in terchange0 and xo" and \rescaleto R = 1" by setting
Ur(x) = Uu(AR(x + %)), where A is a large dimensional constart to be xed
later. We have j¢ ur(x)j - A2R?jur(x)j and if xp = | Xo=AR, then ur(xp) = 1,
o) = Ai. Moreover, M (R) = supy;. r, JUr(X)j, Whererg = ﬁ. Pick now “2a
cut-o® function, ¥~ Oonjxj< %, jxj> 4and%" 1on %ro < jxj < 3 and apply
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the lemmato f = (ug*). We obtain:
z z

® wiliZ®y2 . Cc; w2 2%j¢ ugji+
. 4

e © a
+ C3 w2 2® ¢ WiuRj® + 2r YN urj®  +
FTo<jxj< 3ro
7 #
© a
+Cs w2 2® ¢ APjuRj? + 2 YA ugrj?
3<jxj< 4

Note that j¢ uRj? - A2R%*jugrj? and hence,if @ ' R® we can absorbthe st term
on the right-hand side into the left-hand side. The left-hand side can be seento
be greater than or equalto C® A1 "Ri "wi 1i 28(2=A), using that ur(xp) = 1 and
interior estimates. The last two terms of the right-hand side are bounded from
above by (CR)?® "*2 M (R)? and by CC3A2?w(3)i 2i 2®, respectively, using interior
estimates. Hence,taking A so large that W(Ai) . %W(3) and R large, depending
on n, Cy, we obtain
V|

C®3Ri nWi 1j 2® % i (CR)2®+2i nM (R)Z;

which, since®* ' RS2, givesthe desiredlower bound.

The argumerts we have just sketched can be sharpenedto addressthe following
guestion: What is the sharp lower bound on the possiblerate of vanishingin Carle-
man's proposition? More precisely supposethat we are in the following normalized
situation:

Assume ¢ u + Vu = 0in B(0;10), with jjVjj1 - M, jjujji - Co. Assume
also that supy;. 1ju(x)j , 1. Then, what is the best lower bound for m(r) =
max;y;. rjul, of the form m(r) , ai;r® ,asr ! 0, with a = a(n;Co) and ~ =
(M), M A 1. WhenV ~ j M, ie. we consider eigervalues, in the setting of
Riemannian manifolds, H. Donnelly and C. Fe®erman([D-F]) showved in 1988that
~ = M2, Our argumerts shaw that, for generalV, ~ = M 2= and moreover, the
Meshkov example can be usedto show that for complexvalued u, V, this is sharp.
(These obsenations were made jointly with D. Jerison).

Question 2. Can onetake = M 72 for real-valued u, V?

Wenext turn our attention to parabolic equations. Thus, let us considersolutions
to @i ¢u+ W(xt)eru+ V(x;t)u = 0in R" £ (0;1), with jjVijj1 - M,
jiWijj1 - N. We will alsorestrict ourselvesto consideringbounded solutions, i.e.
jiujjiLt - Co. Then, asis well known (see[E-S-S1]) for references),we have the
following backward uniquenessresult; if u(x; 1)~ 0, then u(x;t) " 0,x 2 R",t 2
(0;1). Recerly (see[E-S-S2], [E-S-S3]), Escauriaza-Seregin-Serak have shovn
that in fact, it sutcesto have solutionsu de ned in R} £ (0;1) = f(x;t) : x =
(X1;::5:%Xn); X2 > 0, 0 <t < 1gsothat u(x;1) "~ 0, x 2 R}, to reach the
sameconclusion. This was a crucial ingrediert in their proof (see[E-S-S 3)) that if
lu solvesthe Navier-Stokes systemin R3 £ (0;T), in the weak sense(Leray-Hopf
solution) and lu 2 L1 ([0; T];L3(R?)), then lu is smooth in R3£ (0; T] and unique.
This is an end-point result which generalizeswell-known onesdue to Leray, Prodi
and Serrin. (See[E-S-S 3] for details.) On the other hand, in 1974,in [L-O], Landis
and Oleinik, in parallel with Landis' elliptic conjecture, formulated the following:
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Conjecture. Assumethat u is as in the backwad uniquenesssituation, but at
t = 1 we only assumeju(x; 1)j - Cexp(j Cjxj®*"), for some" > 0. Showthat
u” 0.

Note that in this ewolution situation, the growth rate is clearly optimal (for both
real- and complex-valued solutions). We now have:

Theorem 3 (Escauriaza-Kenig-Fonce-\ega2005[E-K-P-V 1]). In the alove situ-
ation, if ju(x;1)j - Ck exp(i kjxj?) for each k, then u "~ 0. The same conclusion
holdsfor u de ned in R} £ (0;1). Moreover, there are quantitative versions of these
results: for instance, if jju(i ;1)jj_2(s,) > O, there exists N suchthat, for jxj > N,
we have:

uG Dz ixi=2) - expi Njxj?) and

iuG s Diize ey . expi Njxj?logjxj):

Correspnding quantitative resultshold in the caseof R} £ (0;1).

The proof of this result is inspired by the one of the elliptic one described before.
The main tools are a rescaling argumert and a quanti cation of the size of the
constarts involved in the two-sphereand one-cylinder inequalities (see [E-F-V])
satis ed by solutions of certain parabolic equations,in terms of the L norm of the
lower order coexcients and of the time of existenceof solutions. (See[E-K-P-V 1].)

Question 3. Landis and Oleinik ([L-O]) in fact were intergstml in variable co-
etcient top order terms, i.e. operators of the form @u j @ a; (x;1)@Q u +
W(x; t)r u+ Vu, wheer fa; (x;t)g is uniformly elliptic and symmetric. They ask
for conditions on the local smathnessand the behavior of the coetcients at in n-

ity for the validity of their conjecture. We conjecture that smaothnessand growth
conditions of the type jr (x)aj (X;t)j - W suzce for this.

The last topic that we want to discusshereis the possibleexistenceof analogous
results for dispersive equations. Let us considerfor example, non-linear SchrAdinger
equations, i.e. equations of the form

i@u+ ¢u+ F(u;mu=0 inR"£ [0;1];

where F is a suitable non-linearity. The rst thing we would like to discussis what
is the analog of the backward uniquenessresult for parabolic equations which we
have just discussed.The rst obstaclein doing this is that Sdr8dinger equations
are time reversible and so \backward in time" makesno sense.As is usual in the
study of uniquenessquestions,we consider rst linear ScrAdinger equations of the
form i@Qu+ ¢ u+ V(x;t)u= 0in R" £ [0; 1], for suitable V (x; t), sothat in the end
we canlet V(x;t) = F(u(x;t)). We rst recall the following well-known version of
the uncertainty principle, due to Hardy (see[S-9): Let f : R! C be sud that
f (x) = O(exp(i ¥Ax?)) and such that its Fourier transform f’\(») = O(exp(j ¥B»?))
with A;B > 0. Then, if A¢B > 1, we must havef ~ 0. For instance, if jf (X)j -
C-exp(j Cjxj?*") and jf(»)j - C-exp(j C-j»%""), for some" > 0, then f ~ 0.
(The usual proof of this result usesthe theory of analytic functions of exponertial
type.) It turns out that this version of the uncertainty principle can be easily
translated into an equivalent formulation for the free SchrAdinger equation.
If v solvesi@v+ @v=0inRE [O'Zl], with v(x; 0) = vp(x), then

VG = By €T (y) dy
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sothat v(x; 1) = cdX*=4 i kv =2diyi*=4y (y) dy. If we then apply the corollary to
Hardy's uncertainty principle to f (y) = €1¥i°=4yy(y), we seethat if

jv(x; 0)j - C-exp(i C-jxj**")  and
jv(x; 1)j - Coexp(j Cjxj**")  for some" > 0;

we must havev(x;t) = 0. Thus, for time-reversible dispersive equations, the analog
of \backward in time unigueness"should be \uniqueness from behavior at two
di®erert times". We are thus interested in such results with \data which is 0 at
innit y* or with \rapidly decaying data" and even in quartitativ e versions,where
we obtain \lo wer bounds for all nhon-zerosolutions".

It turns out that, for the caseof \data which is 0 at in nit y", this question has
beenstudied for sometime.

For the one-dimensionalcubic SchrAdinger equation,

i@Qu+ @u” jujfu=0 inRE [0;1];

B. Y. Zhang([Z]) shovedthat if u” Oon(jl1 ;a]£f0;1g,oron[a;+1 )£fO;1g, for
somea 2 R, thenu” 0onRE [0; 1]. His proof usedinversescattering (th us making
it only applicable to the one-dimensionalcubic SdrAdinger equation) ,exploiting a
non-linear Fourier transform and analyticity. In 2002, Kenig-Ponce-\ega([K-P-V ])
intro duceda generalmethod which allowed them to prove the corresponding results
for solutionsto i@Qu+ ¢u+ V(x;t)u=0in R" £ [0;1], n, 1, for a large classof
potentials V. We thus have:
Theorem 4 (Kenig-Ponce-\ega[K-P-V]). If V 2 LILL \ L}, and
limrin  jjVijLit (xj>r ) = O and there exists a strictly convexcone j 2 R" and a
Yo 2 R" sothat

supp u(i ;0) Y2yo + i

supp u(i ;1) Y2yo + i ;
then we must haveu~ 0 on R" £ [0; 1].

This work was extendedby lonescu-Kenig([l-K 1]) who consideredmore general

n+2

potentials V and the casewhen is a half-space.For instance,if V 2 L 2 (R"£ R)
or more generally, V 2 LPLI(R" £ [0; 1]) with %+ & 21<p<1l (forn=1,
1< p- 2)orV 2C([0;1];L"™?(R")), n, 3, the result holds, with j a half-plane.
This work involvessomedelicate constructions of parametricesand is quite involved
technically.

We next turn to our extension of Hardy's uncertainty principle to this cortext,
i.e. the caseof \rapidly decaing data". Here there seemsto be no previous

literature on the problem.

Theorem 5 (Escauriaza-Kenig-Fonce-\ega [E-K-P-V 2]). Let u be a solution to
i@u+ ¢u+ V(x;t)u= 0in R" £ [0;1], with u 2 C([0; 1];H?(R")). Assume that
V2L (R £ [0;1]), r «V 2 LY([0;1];L* (R")) and limru  jjVijLii: (xjsr) = O.
If up = u(x; 0) and uy = u(x; 1) belongto H1(e¥*i* dx), for eachk > 1, thenu”~ 0.

As we will seesoon, there actually even is a quartitativ e version of this result.

The rest of this note will be dewoted to a sketch of the proof of Theorem 5. Our
starting point is:
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Lemma (Kenig-Ponce-\ega [K-P-V]). Supmwsethat u 2 C([0;1];L?(R")), H 2
LiL2 and iViiLzey - " where ™ = "(n) is small enough. Supmse that uo(x) =
u(x; 0), u1(x) = u(x; 1) both belongto L2(R"; €% *t dx) andH 2 L1([0;1];L2(€? ** dx)).
Then u 2 C([0; 1];L2(e? ** dx)) and

Ostlpliju(i OliLzer < aq © Cjj UojiLz(e2 <1 axy*

+ jjUajiLzez 1 ax) T ITHIL1 g0 2(e2 %1 ) O
with C independentof ~.

The proof of this lemma s quite subtle. If we know a priori that
u 2 C([0;1];L2(e? ** dx)), the proof could be carried out by a variant of the energy
method (after conjugation with the weight €* *1) where we split into frequencies
» > 0and» < 0, performing the time integral from Oto t or from t to 1, according
to ead case.However, sincewe are not freeto prescribe both up and u,;, we cannot
usea priori estimates. We thusintroducea xed smooth function ' , with ' (0) = 0,
' Onon-increasing,’ Ar) ~ 1forr - 1," Yr)= Oforr, 2. Wethen let, for , large,
" (r)=., (r=,),sothat' (r)"ras, ! 1. Wereplacethe weight e x1 (T>0)
with €@ . 1) and prove the analogousestimate for theseweights, uniformly in _,
for , . C(L+ ~®). The point is that all the quantities involved are now a priori
nite.

The price one pays is that, after conjugation with the weight € ' 1) the
resulting operators are no longer constart coezcient (as is the casefor e? *) and
their study preseris complications. At this point there are two approades: in
[K-P-V] one adapts the use of the energy estimates, combined with commutator
estimates and the standard pseudo-di®eretial calculus. The secondapproad, in
[I-K 1], constructs parametricesfor the resulting operators and proves bounds for
them.

With this Lemma as our point of departure, our rst step is to deducefrom it
further weighted estimates.

Corollary ([E-K-P-V 2]). If we are under the hypothesis of the previous Lemma
and in addition, for somea> 0, ®> 1, uo, Uy 2 L2(e¥4” dx),
H 2 L([0; 1];L2(e¥X) dx))Z then there exist Cgy ; Cy > 0 suchthat

sup ju(x: 1)j2eraxi® dx < 1 :

0<t< 1 jxj>C @n

The ideausedfor the proof of the corollary is asfollows: let ug (x; t) = u(x; t)" r(x),

where "r(X) = "(x=R) and ~ ~ O for jxj - 1,  ~ 1for jxj, 2. We apply
the Lemma to ug and a choice of — = bR®i 1, for suitable b, in ead direction

The next stepin the proof is to deducelower boundsfor L2 space-timeintegrals,
in analogy with the elliptic and parabolic situations. These are our \quantitativ e
lower bounds".
Theorem 6 ([E-K-P-V R2])R Letu 2 C([0; 1];H 2(R")) solvei%u + ¢F%J +Vu=20in

141

R"£[0; 1]. Assumethat 01 e JUI%+jr uj2dxdt - AZ and that +§ J.Xj<1juj2 dxdt
1, with jjVijjL: - L. Then there existsRg = Ro(n; A; L) > 0 and C,, > 0 suchthat
if R, Ro, wehavex(R), C,exp(i ChR?), wher

HR)= 4 g1 x rGUIZH I UP)dxdt

2
1.
si

n
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Once Theorem 6 is proved, applying the Corollary to u and r u (which veri es a
similar equation to the one u does)we seethat Theorem 6 yields a corntradiction.

In order to prove Theorem 6, a key tool is the following Carleman estimate,
which is a variant of the onedueto V. Isakov ([I] and also[I-K 2]).

Lemma. Assumethat R > Oand' :[0;1]! R is a smath compactly supprted
function. Then there exists C = C{n;ji' Y1 ;ii* %%i1 ) > 0 suchthat, for all g 2
C§ (R™*1) with suppg?2f(x;t) : X+ ' (t)ey , 1lgand®, CR?, wehave

s P ot (eu? s -
= e¥lrt (el g L ce¥r* el (i@ + ¢)( g) |_2:

(Heree; = (1;0;:::;0).)
Proof. We conjugate (i@+ ¢) by the weight e®x*" (Ve1i* and split the resulting op-
erator into its Hermitian and its anti-Hermitian parts. Thus, let f = e®&*’ OL T
sothat e®j§—+i' (‘)e”z(i@w) g = Sef i ?C?)A®f ,w(peres® = i@+¢+ 4%2 gt (e
andAg= 2 K+'eq O + ;Lo +iy R+ . Thus,S§= Se, Af = i Ae and
— —
—®i (t)eljZ(i@+ ¢)( g)_L2 = ISef | 4®AeS;Sef | 4ARAeTI
. i ABN(SeAei AeSe)f;fi = 4BNSe; Aslf;fi:
A calculation shows that

- - (| .
2 4®? ~x 2 1" x 0 s 0
. - = o T 4 PR ~l ' + (' + o
[Se; Ae] R2¢ i Rr RTEL I 5 R 9 2|R@1
and — — 7 -
x4 2 2 168° © x 2
®j k- +"' (t)e1j” (; bl ' g2
e (i@+¢)g 0 RE R (e jfjo+

Z Z SX
mp U2 [ ot % (O
Z
i? RCRAE

Using our support hypothesison g, and taking ® > CR?, with C = C(n;jj' %1 ;ji* %1 )
yields our estimate.

In order to usethe Lemma to prove Theorem 6, we choose g, 1 2 C} (R"),
' 2 CE((0;1) sothat pr(x) ~ lifjxj< Rj 1, r(X) = 0,jxj, R, ux) " 0
whenjxj - 1, u(x) ~ 1whenjxj, 2,0- ' - 3 with '~ }on i 53+ 3l
"~ 0on o %][ [%;li. We let g(x;t) = pr(X)p & + ' (t)er u(x;t). Note that
suppg¥%f X+ ' (t)er , 1g,9(x;t) " Oif jxj> Randif t 2 [0; %][ [%;1],jxj - R,
g(x;t) = 0, sothat-the Lemma applies. Note that g~ uin Bg; 1 £ [3i ;5 + 1]
where X + ' (t)e; , 3i3 1= 2. We have:

+

R

(i@+¢ +V)(g) = %+'e1 f2r pgr ¢r u+ ut prg+
3 .

3

+ IR OOF 2RI It %+ ‘e ;1 G u+ Ri2u¢p %+ e, +

3 .
+i ()@, u %+ 'e 1 Ug:

Fhe rst term on the right-hand side is supported in (Bg NnBgr; 0 £ [0; 1]-where

&5 +'e1 - 4. Then secondoneis supported in f(x;t) : 1- £+'e1 - 2g.
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Thus, — _
_ 2
—'L+'(t)ejz £ A®:: i
et gt L el 3 bide )
e4®.

and by the Lemma,

P — - -
& Skt (e’ — . CyL ¥t e’ g ¥
R2 L2(dx dt) L2(dx dt)

+ Cnet%®HR) + C,e*®A;

provided ® , C,R?2. If we choose® = C,R?, for R large we can hide the st term
on the right-hand side in the left-hand side to obtain

Re4® . Cﬁelﬁ®i(R) + G]e4®A;

sothat R - C;e®®HR) + C,A, and for R large, depending on A, we obtain
R - 2C;,er?®+(R), which, since® = C,R?, is the desiredresult. a

Question 4. Can one obtain sharper versions of Theorem 6, in the spirit of the
uncertainty principle of Hardy. For instance, assumeug 2 H1(ei %X dx) for a
Xed ap > 0 and u; 2 H1(el XX’ dx) for all k > 0. Prove, for the classof V asin
Theorem 6, that u” O.

Question 5. Extend the resultsof Theorem 6 to a more generl classof potentials
asin [I-K 1] and add gradient terms asin [I-K 2].
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