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1 Introduction

Because of their widespread utility, it is of interest, especially in applications, to analyze the speed of
convergence of Fourier series. Particularly enticing is the prospect of applying methods to accelerate their
convergence. Various methods of acceleration of convergence of sequences have been applied with some
success to the partial sums of Fourier series.

Throughout, we will consider a function defined on [—, 7] which is integrable. For such a function f we

define the Fourier coefficients by
A 1
f(n) = o |

and the nth partial sum of the Fourier series as

f ()™ dz, (1)

= Z f(n)e”” (2)

k=—n

A fundamental central question of the theory is: when does S, (f)(z) — f(x) as n — 0o? When f is square
integrable, this holds in the square integral sense, that is ffﬂ IS, f(x) — f(z)]?dx — 0 as n — co. A very
deep result of Carleson [C] asserts that for square integrable f, S, f(x) — f(z) at every point except for a
set of zero Lebesgue measure. Other classical results, due to Dini-Lipschitz, Lebesgue and Dirichlet-Jordan
give conditions for pointwise convergence (see e.g. Zygmund [Z] for these). Typical of these results is the
Dirichlet-Jordan theorem: If f is of bounded variation over [—m, x|, then S, f(z) converges to f(z) at each
point of continuity of f. However, even for fairly smooth functions, this convergence can be quite slow and
it is desirable to attempt to find a way to speed this convergence.

For a numerical sequence {s,} which has limit s we say transformation t,, of s,, accelerates convergence
if there exists a k such that each ¢,, depends only on sg, ..., S,+r and ¢, converges to s faster than s,,. Many
sequence transformations have been developed to speed convergence of numerical sequences which arise in
many contexts (see e.g. Delahaye [De] or Wimp [W]). In this paper, we discuss a particular non-linear
transformation, known as the §2 process, usually atributed to Aitkens [A], although the idea had appeared
earlier in the works of other authors. Generalizations of this transformation, which transform a sequence
{sn} into a family of sequences {ej(s,)} were studied extensively by Shanks [S] and for this reason these
transformations are sometimes called Shanks transformations. In this notation, e;(s,) is identical to the §2
process. This process takes the sequence s,, and transforms it to

2
Sp4+1Sn—1 — 54 (Sn+1 = Sn)(Sn — Sn—1)
e1(s,) =t, = =S, — . 3
( n) " Sp+1 + Sp—1 — Sn " (3n+1 - Sn) - (Sn - Sn—l) ( )

In the case when the s, are the partial sums of a geometric series, the transform (3) produces a
constant sequence, each term the sum of the series. Shanks [S] generalizes this to show an improved rate of
convergence under transform (3) for partial sums of series which he calls “nearly geometric”.

Consider the function f(z) on the interval [—m, 7] given by f(z) = 1if 0 < z < 7, f(z) = -1 if
—m <z < 0. After computation and simplification, the Fourier series is:
4 K sin(2k — 1)z
4
m zjl 2k —1 )



At x = T we obtain the slowly convergent Leibnitz series:

4.1 1 1
l==(1—Z+4—-——+...
-3ty -7+ ®)

Shanks [S] applies the transformation (3) and iterations of this transform to this sequence of partial
sums and the results are dramatic: tg is accurate to three significant figures, and iterating the transform
four times gives a sequence whose fifth term is correct to eight significant figures. By contrast, Shanks notes
it would take over 40,000 summands in the original series to obtain this accuracy.

Smith and Ford [SF] used numerical tests to compare different methods of convergence acceleration to
the partial sums of Fourier series. Using a set of five points they tested a slowly and a rapidly converging
Fouier series and found that, on the average, the transformation (3) improves convergence of the slowly
converging series but slightly degrades convergence in the rapidly convergent case. Drummond [Dr] discusses
many methods of convergence acceleration and includes discussion of their application to Fourier series.

Although with specific series it is possible to get improved, even dramatic results at some points, in this
note we show that with the transformation 62 the results are, in a general sense, very bad. We will show that
for a fairly general set of functions, for a large set of values z € [—m, ], the §2 process turns the sequence
{Snf(x):n=1,2,...} into a set with multiple limit points.

Theorem 1. Suppose f is 2 periodic and in C*[—x, 7| except f(—n) # f(x). Consider the sequence t,(x)
formed by applying the transformation (3) to the sequence S, f(x). Then t,(x) diverges at every x of the
form x = 2ma, where a € [—.5,.5] is irrational.

In fact, the same difficulty also occurs on a dense set of numbers of the form 2mwq, where ¢ is rational. At
these points, we can be even more precise.

Theorem 2. Suppose f is as in Theorem 1. Suppose x = 2% where % is in lowest terms and k is odd.
Then t,(z) has three limit points, f(z) and f(x) £ asin(ij:f;iz(;éil(x/z), where o = [f(m) — f(—m)]/m and
B=1[f(m)—=f(=m)]/m.

Remarks. The hypotheses simply say that the 27 periodic function is C?, except for a single jump discon-
tinuity. By periodicity, the Theorems remain valid if this jump occurs anywhere in the interval [—m,7].

At a jump discontinuity of f the partial sums of the Fourier series exhibit the Gibbs phenomenon in a
neighborhood of the discontinuity and many authors report difficulties with acceleration methods near this
discontinuity. In fact, the Theorems imply that, at least for the 42 process, a jump discontinuity causes
difficulties just about everywhere.

It is well known that the §2 process can turn a convergent sequence into one with multiple convergent
subsequences. (See Wimp [W], for an example due to Lubkin.) Thus, our theorems provide many more
examples of that phenomenon.

2 Preliminaries, background and technical lemmas

If S, f(x) is the parital sums of a Fourier series, applying the 62 transform (3) results in the sequence of
functions:

(F=(n+ D)emsre 4 fn4 1)tz (f(=n)emine 4 f(n)etn)
Fn 4 ))emie e 4 fn g ettt ) — (fnemine 4 fln)eine)

tn(z) = Snf(z) - (

Our theorems will be shown by showing the bad behavior of the fraction on the right. In this section we
show some lemmas which will be used to analyze this term.

Lemma 1. Let f € C*([-m,7]). Then

(=D"

where a and 8 are as in the Theorem (1) .



Remark. Notice that ﬁ(n) = o(-%) by the Riemann-Lebesgue lemma. (See, e.g. Zygmund [Z].)
Proof. Integration by parts.

Let a be an irrational number and let (ag,as,as,...) be its unique expression as a continued fraction.
Define sequences {h, } and {k,} as follows:

h_o=0,h_y =1,h; =a;h;_y +hj_p for i >0,

k'_g = 1,k_1 = O,ki = aiki_l + ki_g for 4 Z 0. (8)
Note that 1 = kg < k1 < ko < k3 < ---. The value r,, := Z—Z is called the n'® convergent to a, and
Ty = (G0, a1, ..., an). (See Niven and Zuckerman [NZ], Chapter 7 for these results.)

h
Lemma 2. Let a > 0 be an irrational number. Then there exist infinitely many rational numbers z with k
h 1
dd such that |a — —| < —.
odd such that |a k‘ 2

Proof. Let {k”} be the sequence of convergents to a as defined above. By Theorem 7.11 in Niven and

Zuckerman [NZ], we have

hn, 1 1

a— -— < -5,

kn, knkny1 k2
where the second inequality follows from the fact that k,, < k,1 as noted above. Thus it suffices to show
that there exist infinitely many values n such that k,, is odd. We offer a proof by contradiction. Suppose m
is the greatest value for which k,, is odd. Then k,,1+1 and k,,12 must be even. But equation (8) gives us

km+2 = amy2km+1 + km, which is odd. Hence k2 is both even and odd, a contradiction.

<

Proposition 1. Let a > 0 be irrational and let x = 2wa. Then there exists a strictly increasing sequence

{mn} of positive integers such that

lim i sinmyx sin(m, + 1)z
Mn

> 0. (9)

(my, + 1) sinm,x + my, sin(m, + 1)x

Proof. By the previous lemma, we can define sequences {m,,} and {l,,} of positive integers such that {m,}
is strictly increasing and, for every n € N|

I 1 1

— < < .
R S | ' 2mn + 12~ 4m2 + 2m,,

Thus, for each n € N,

|sin(my, +1/2)x| = |sin((my, + 1/2)x — l,7)| < [(my, + 1/2)x — 17|

=|(2my, + 1)wa — l,7| = |(2m,, + )7 |a — 2mi"+1‘ < (2mg, + 1)7r4m% j_ o 2;;”. (10)
Now observe that
sinmyx = sin(m,, + 1/2)x cos g — sin g cos(my, + 1/2)x (11)
sin(m,, + 1)z = sin(m,, + 1/2)x cos% + sin g cos(my, + 1/2)x. (12)
It follows that, for each n € N,
sinmy,x sin(m,, + 1)z _ sin?(m,, + 1/2)z cos? 5 — sin? Z cos?(mp +1/2)x (13)
(my, + 1) sinmyx + my, sin(m, + 1)x sinm,,x + 2my, cos § sin(m, +1/2)x



Notice that the denominator of this expression is bounded:

| sin m,z + 2m,, cos g sin(my, + 1/2)z| <14 |2my, sin(m,, + 1/2)z| < 1+ 7. (14)

x
Moreover, the limit of the numerator is clearly — sin? 3 since sin?(m,, +1/2)z — 0 as n — oo and hence

cos?(m,, +1/2)x — 1 as n — oo. It follows that this ratio is bounded away from 0 as n — oco.
|
2
Lemma 3. Suppose x = %, where j and k are non-zero integers with no common factors and k is odd.

k-1
Then, for integers n, sinnz = —sin(n + 1)z if and only if n = 5 + mk, where m is some integer.

Proof. Suppose sinnz = —sin(n + 1)z. Note the following identities:

(a) sinnx =sin(n 4+ 1/2)x cosg — sin g cos(n + 1/2)x and

(b) sin(n + 1)x = sin(n + 1/2)x cos g + sin % cos(n + 1/2)z.

We quickly see that sin(n + 1/2)z = 0, which implies that (n + 1/2)x = Ir for some integer I. Multiplying
both sides by k/jm and substituting for z we obtain 2n+ 1 = lk/j. Since lk/j must be an odd integer and j
and k have no common factors, [/j must be an odd integer. Hence we write I/j = 2m + 1 for some integer

k-1
m and obtain 2n + 1 = 2mk + k, which yields n = — + mk, as desired.

To prove the converse, note that whenever n = —5 + mk, we have (n + 1/2)xz = (2m + 1)jn, which

implies sin(n + 1/2)z = 0 and cos(n + 1/2)z = (—1)7. By identities (a) and (b) we have

sinnz = (1)1 sing = —sin(n + 1)z,

as desired.

Remark: Note the following identities:

(¢) cosnz = cos(n + 1/2)x cos g + sin g sin(n + 1/2)x and
(d) cos(n+ 1)x = cos(n + 1/2)x cos g — sin g sin(n + 1/2)z.

If the lemma above is satisfied, it follows from (c) and (d) that cos nz = cos(n + 1)z = (—1)? cos £.

3 Proofs of theorems 1 and 2

We first show the proof of Theorem (1) . Using the notation of Lemma (1) , we compute the fraction on
the right of (6) . Notice that

~ . " . _1\n+1 _1\n
f(in)efznw+f(n)eznm _ ( 1) + ( 1)

asinnx + 5
n

Bcosnx + e(n), (15)

— Jﬁ/(*”) —inT f“(n) inT
where we have defined e(n) = +—5~¢ + et



Using this notation, we may write the fraction on the right hand side of (6) as:

i \n , NG St S \n "
(( D asin(n + 1a + &L B cos(nil)z +e(n+ 1)) (%asmnm—i— ()P cosne —I—E(n))

n+1 (n+1)2 n =
((;-:il-)lna sin(n + 1)z + (71)“’22516;);(”“” +e(n+ 1)> a ($O‘Sin na o LR o s(n))

(=)™ (a sin(n + 1)z — W + (=1)"(n+ Le(n+ 1)) (—a sinng + 2eone 4 (—1)"n5(n))

a(nsin(n + 1)z + (n+ 1)sinnz) + 3 (ni+1 cos(n+ 1)z + w cosnx) +n(n+ (=) (e(n+1)+ E(n))
(16)

Let x = 2ma, a irrational, and let m,, be the sequence of increasing integers given by the proposition. We

substitute this sequence for n in the last expression. Notice that my,e(my,), (my, + 1)e(m, +1), %ﬁlﬂ)z,
% all go to 0 as m,, — oo. Furthermore, m,(m, + 1)(e(m, + 1) + ¢(m,)) — 0 as m,, — oo by the

Riemann-Lebesgue lemma. Both of the terms (mmiﬂ)

My
myp+1
m,, — 00. As in the proof of Proposition (1) ,the numerator is asymptotically (—1)"*'a?sin®(%) and the
denominator remains bounded. As m,, — oo, this shows that (16) stays bounded away from 0, and hence
by (6) t,(x) has a subsequence which fails to converge to f(z). To show that t,(x) diverges, we show
that there are subsequences which converge to f(x). Consider the term (n + 1) sinnz 4+ nsin(n + 1)z in the
denominator of (16) . As in the proof of the Proposition 1, we rewrite this as: sin na +2n cos(%)sin(n+ 1)z.
By Weyl’s equidistribution theorem (see Kérner [K]), there are an infinite number of n for which (n+ 1)z €
[—3%, —Z]U[Z, 3%]. For these n, |sinnz + 2n cos(%)sin(n + 1)x| is, as n — oo bounded below by a constant
times n which forces (16) — 0. .

mj

To see Theorem 2, we examine (16) in this case. Consider an x = =7, where k is odd and the fraction

cos(m,, + 1) and cos myx remain bounded as

% is in lowest terms. Consider n of the form n = % + km (as in the statement of Lemma (3) ) as n — oo

in the expression (16) . As before, ne(n), (n+ 1)e(n + 1) ﬂcoi(ffl)aj, Beosnt 1] go to 0 as n — oo and
n(n+1)(e(n+1)+e(n)) — 0 as n — oo by the Riemann-Lebesgue lemma. Furthermore, for this « and such a
n, sinnz = (—1)7* L sin(x/2), sin(n+ 1)z = (—1)7 sin(z/2), cosnz = cos(n+1)x = (—1)? cos(x/2), so as n —
o?sin?(2/2)
sin(z/2) — 20 cos(z/2)"
m, sinnz # sin(n+ 1)z and in (16) the term (n+ 1)sinnz + nsin(n + 1)z = sinnz + 2n cos(%) sin(n + )z
causes (16) — 0 as n — co. (We have also used the fact that as n varies nz (mod 27) is only a finte set.)

oo (and of the form n = £-1+-km) (16) tends to :I:a If n # 551 4 km for any integer

Remark. In conclusion, in the case of Theorem 2, ¢, (x) has subsequence, n = k—;l +mk, m=20,1,2,...
which produces two limit points different from f(z) and along the subsequence of all other indices ¢, (x) —

f(@).

4 Iterated and higher order transforms

In his extensive study, Shanks [S] also considers the effect of iterating the transform (3) as well as higher
order transforms. We will make only a few comments on these.

With regards to the iterated transform, e?, we can assert that again, on a dense set of x, this transform
sends S, f(z) to a sequence with divergent subsequences. Indeed, we only need consider x of the form
T = %, k odd, and where 7 and k have no common factors. The remark at the end of the previous section
describes the behavior of the sequence t,(x) = e;(S,f(z)) and the fact that €2(S, f(z)) has subsequences
which still do not converge to f(x) is an immediate consequence of the following:

Lemma 4. If a, is a sequence and m,l, k are positive integers with m wvariable and [,k fized such that
an — a if n £ 1+ mk and a, — a + b for n =1+ mk then e1(ay) —>a+%f0rn:k+ml as m — oo.

Proof. Notice that for n =1 + mk,

ans lo—(@ bl —d b
@0+ T —d-a—@rn 2

(an—i-l - an)(an - an—l)
(an - an—l) - (an+1 - an)

e1(an) = an + (17)



Remark. Analyzing ez(S, f(x)) seems to be much more difficult. (See e.g. Shanks [S] for the definition of
e2.) As in Theorems 1 and 2, let S, f(z) is the sequence of partial sums of a Fourier series, and ¢, (x) is the
sequence obtained by applying the transformation (3) . We can obtain ea(S,, f(z)) via the e algorithm (see
[De]): e_1(n) = 0 for every n, e1(n) = S, f(x) and ex41(n) = ex—1(n+ 1) + m Then t,, = e3(n)
and es (S, f) = e4(n). Computing e4(n) gives:

1
calbn) = s T (%)
tn+2—Sn+t2 tnt+3—Tlnt2 tnt2—tnt1
Consider z of the form z = 2%] where j and k have no common factors and k is odd. By Theorem 2,
and the remark after its proof, ¢, () has a subsequence, n = % +mk, m = 0,1,2,... where t,(z) —
flz) + asin(zj;)ﬁfé;éii(m/z). For convenience write this as ¢, — f(z) + 7. Recall that for all other n,

tn(x) — f(x). With n — 2 in place of n in the above formula, and letting n — oo along the subsequence
n = %+mk, m=0,1,2,..., yields:

1 1
B e T IR T = S

So curiously, the stray subsequence of ¢, (x) which diverged from f(x) has been transformed back to the
correct limit. However, the analysis is too delicate to tell whether there are now new subsequences which
go astray, and certainly in the case when the limit is the actual value f(z) we cannot determine whether
convergence has been accelerated.

5 Functions with two jumps

Recall the example of equation (4). This case is not covered by Theorem 1 or Theorem 2 because f is not
continuous at 0. Nevertheless, it exhibits problems under the Shanks transformation analogous to problems
we have already seen. In some sense, we “cheat” by transforming the series consisting of only the odd terms
in the Fourier series of f. But all the even Fourier coefficients in this example are 0, so if we were to take
the series consisting of all the terms in the Fourier series of f, then (3) would give us t,, = s,. This would
give us no insight. Hence our “cheat” is justified.

Lemma 5. Letx = W—], where j, k are integers with no common factors such that j is odd. Then for integers
n, sin(2n — 1) = sin(2n+ 1)z if and only if n = mk, m odd, in which case this common value is (—1)" cos z,
where r = (mj — 1)/2.

Proof. First, suppose sin(2n — 1)z = sin(2n 4+ 1)z. Using the following identities (which are just identities
used in Lemma 2 for odd values of n)

(a) sin(2n — 1)z = sin 2nx cos x — sin z cos 2nz and
(b) sin(2n + 1)a = sin 2nx cos x + sin x cos 2nzx,

we quickly see that cos2nx = 0. It follows that 2na = Ir + 7/2 for some integer I. Multiply both sides of
this equation by 2k/mj and substituting for x we get n = (20 4+ 1)k/j. Since n is an integer, and j and k
have no common factors, we must have that m := (20 + 1)/j is an integer. Since mj is odd, it follows that
m is odd; this proves the first implication of the lemma.

We prove the converse by noting that whenever n = mk, m odd, we have 2nxz = mjn /2, in which case
cos 2nx = 0 and sin2nz = (—1)" where r = (mj — 1)/2. Thus by identities (a) and (b) we have

sin(2] — 1)z = sin(2l + 1)z = sin2nz cosz = (—1)" cos z,

as desired.



Proposition Let f be defined as in equation (4). Suppose x €
previous lemma. Then ¢, (x) has three limit points: f(x) and f(x) &+

[—7, 7] satisfy the hypotheses for the

1
5 Cosx.

Proof. Write the n*" partial sum of the Fourier series of f as

Suf(a) = 230 MR (20)
k=1
By equation (3),
b f(2) = S f(2) + sin(2n — 1)z sin(2n + 1)z (21)

(2n + 1)sin(2n — 1)z — (2n — 1) sin(2n + 1)z~

We know that S, f(x) — f(x). Now as n — oo on subsequences for which
sin(2n — 1)z — sin(2n + 1)z # 0, the denominator of the second term in the above equation is unbounded,
forcing the ratio to go to zero. Therefore, t, f(x) — f(x) as n — oo on those subsequences.

Now suppose n is increasing on a subsequence of odd multiples of k. Then
sin(2n — 1)x = sin(2n + 1)z = £ cosx for each n. Thus the second term in the above equation is simply
j:% cos z for each n along this subsequence, and so as n — oo, ¢, f(z) — f(z) £ %cos x.

|
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