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1 Separation of variables

1.1 Outline

The mostbasicway of solvinglinear partial di®erettial equationsandthe rst
method learnedby the vast majority of studerts is the method of separation
of variables. This method consistsof the following: We attempt to nd a
family of solutions with a special form, and then try to obtain all solutions
as linear combinations of these special solutions. The special requiremert
we place on theseinitial functions is that not only do we ask them to solwe
the partial di®ererial equationand any homogeneou®r periodic boundary
conditions, but we also require them to be products of functions which eadh
have only oneindependert variable.

Our rst step in applying this method is to substitute these functions
into the original partial di®erenial equation and attempt to usealgebrato
bring the resulting equation into a form where the independen variables
appear only on opposite sidesof the equality; hencethe name\separation of
variables." At this point, assumingthat we have beensuccessfuin separating
the variables(and assumingfor simplicity that the original partial di®erenial
equationis of secondorder), our equation should have the form

F(x; f(x); F4%);F2%x)) = G(y; a(y); g9y); o°ty))



whereF and G are functions which are determinedcompletelyby the original
partial di®eremnial equation. Now whatewver f and g turn out to be, we can
alsosa that our equation now hasthe form

F(x) = Gy)

where F (x) := F(x;f (x);f 4x);f X)) and G(y) = G(y;a(y); g4y); g°t)):
Next by alternately varying x and y while the other variable is held xed, it
is clearthat we must have

F (x) = G(y) = constart (1.2)

Solving F (x) = C and G(y) = C amourts to solving an ordinary di®eretial
equation. At this point when we introduce any homogeneousor periodic
boundary conditions demandedby the original partial di®eretial equation
we discover that mostvaluesof the constart onthe right hand sideof equation
(1.1) leadusonly to the trivial solution. On the other hand, for a wide classof
linear boundary value problemswhich include Laplace'sequation on a disk,
the heatequationon aline segmeh and the wave equationon aline segmen,
we will obtain a sequenceof \good" constarts that lead to a correspnding
sequencef nontrivial solutions. Due to the special properties enjoyed by the
boundary valuesof this sequencef solutions, it turns out that the solution of
the original partial di®erertial equation will always be a linear combination
of these functions, and there is a simple way to derive an explicit formula
for the coexcients in this expression.We will explorethosepropertiesin the
next section, but now we turn to the application of the rest of the method
to Laplace'sequationon a disk.

1.2 Examples

We start by solving Laplace'sequation on a disk as an exampleof the appli-
cation of separationof variables. (As it turns out, we will needthe solutions
that we nd herelater on whenwe turn to our problem from composite ma-
terials.) We seeka function u which satis es the following boundary value
problem:
¢u=0 in Dg
u(Rp =f(w on @k:
The Laplaceoperator in IR? is given by

CU= Uy + Uy :

(1.2)
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In polar coordinates, by a lengthy but elemenary exerciseusing the multi-
variable chain rule, we can verify

1 1

Thus, Laplace'sequationin IR? for a function U = U(r; 1) becomes

1 1

We assumeour solution takesthe form U(r; ) = g(r)h(p) and by plugging
this into (1.4) we obtain

0 = gnh@+ 19NN + (™
= (@) + TN+ a0

or W T
) _ i g+ 2gr) _ T reg®tn) + rgn)
h(W 2o(r) | o(r)
Sincethe left hand sideis a function of pand the right hand sideis a function
of r, the only way a function of pcanequala function of r is for both functions
to be the sameconstart. This is exactly the situation we had in Equation
(1.1). We call this constart £, and we split the problem into three cases
accordingto whether + is positive, zero, or negative.

(1.5)

Casel: += 2> 0,and so
h%tw - 2.
h() =’

then,
h{W i h(w,*= o

We solwe the ordinary di®erertial equation and we get
h(w) = Ae* + Be -*

whereA and B areconstarts. Then, we needto considerthe periodicity
condition:

U(r;i ¥4 = U(r;%: (1.6)
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We can express(1.6) in terms of g(r) and h()

a(nh(i ¥ = g(r)h(*)

and then either g(r) © 0, or

h(i ¥) = h(¥) 1.7)
Ae i+ Be - (i = pe”+ Be #
(Aj B)e” = (Aj B)eé "
Sinceg(r) ~ 0givesonly the trivial solution, we excludethis possibility,

and then sincee” 6 € -, we cansay A = B. Thus, h(l) = A(e* +
e 1), Now we considerthe other periodicity condition:

Uu(r; ¥ = Uy(r;i ¥) (1.8)
We can expressU,(r; 1) in terms of g(r) and h(p)
Ui = g(nhYw

= g(r)%i(A(e»u @)
= gACer | el )
= Ag(r)(eti eH): (1.9)

We substitute (1.9) into (1.8) and then after again excludingg(r) ~ O,
we get

gNhY%) = o(nHhYi Y

Ae”i @) = A (e e”)
2Ae” = 2Ael -
Ae” = Ael

Sincee” 6 e -”*, A must be 0 and then B is also0, and so we obtain
only the trivial solution in this case.

Case2: += 0, and so

hfy) _ o

hD (1.10)



The generalsolution of (1.9) is
h(W) = Au+ B

whereA and B are constarts. Then we considerperiodicity conditions.
From (1.6), we can derive

A(i ¥) + B = AYu+ B: (1.11)

Equation (1.10) forcesA to be 0. (Note that Equation (1.7) imposes
nothing new.) Thus, U(r; W) = Bg(r); and g(r) satis es

0=r2g%r) + rg4r):
Let G(r) = gYr). Then,

0 = r?Gqr) + rG(r)
= rGqr) + G(r)

d
= —(rG(r)):
5 (FG(1)
Sinceits derivative is zero,r G(r) is constart. Thus,
A
G(r) = - and g(r) = Alnr + B
whereA and B are constarts. Then, boundednesg$orcesA = 0. There-

fore, the only nontrivial solutionsin this caseare constarts.

Case3: += 2< 0,and so
Ry _

hy o

and
%) i h(w), 2= o
This ordinary di®erettial equation hasthe generalsolution

h(y) = Acos,u + B sin u:
From (1.6), we can derive

Acogj ,Y4) + Bsin(j ,Y4) = Acoq,¥) + B sin(,%)
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then,
2B sin((¥4) = 0

Thus, we can say either B = Oor, = n 2 IN. Next, we needto
considerthe other periodicity condition. As in (1.8), we can derive
Uu(riH) = g(r)(i A, sin,p + B, cos,p)
By excludingg(r) © 0 asbeforewe get
i A, sin(j ,Ya) + B, coqj ,Y4) = i A, sin(,¥%) + B, (cos,Y4)
and
2A, sin(,Ya) = O:

Therefore,we can say either A = Oor , = n 2 IN. We note, howe\er,
that , = n leadsto a nontrivial solution. On the other hand, if , 6 n,
then it forcesboth A = 0 and B = 0, which of coursegivesus only the
trivial solution, sohenceforthwe are only interestedin the case, = n.

Now, we needto nd g(r). From (1.4), we have

Mgt s rgtn'
1 g(r) [

2

in

and
r?g™r) + rg¥r) i n’g(r) =0
We solwe this Euler Equation and get

g(r)= Ari"+ Br":

Once again, boundednesdorcesA = 0; and sincewe know h() and
g(r), we have the family of solutions of the partial di®erenial equation

Un(r; ) = r"(A cogny) + B sin(np)): (1.12)
Let
Va(r;l) = rcogny)
Wi(r;) = r"sin(ny)



then,

Vi(R;W) = R"cospp)
Wi (R;H) = R"sin(ny)
In addition, let
s
Vo(r;) = 3%,ncos¢1p) n=0;¢c;1
Wa(ril) = %nsin(nu) n= 1;00¢: 1 (1.13)

and this is the desiredfamily of nontrivial solutions. Obsene that any
function which is a linear combination of the functions in Equation
(1.12) is alsoa linear combination of the functions in Equation (1.13).
Note that the boundary valuesof thesesolutions are simply

AGHEY
Wi (R; 1)

cogn)
sin(ny):

(Theselast two equationsshav why the family fV,g[ fU,qg is slightly
preferableto the family fV,g[ fU,Q )

Now the key questionsare

1. Canf (1) be expandedas a linear conbination of theseboundary val-
ues?

2. If so, canwe computethe coexcients in our trigonometric series?

The answer to thesequestionsis yesaswe will seein the next section.

2 Fourier series and orthogonal functions

To expandf (M) asa linear combination of the family of trigonometric func-
tions we obtained as boundary valuesof solutionsin the previoussection,we
will want to understandthe idea of orthogonality asit appliesto in nite di-
mensionalvector spacesof functions. We assumethe readeris familiar with
the notion of orthogonality in nite dimensions,and in fact, the formulas
we derive can be found by exact analogy with the formulas found in Linear
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Algebra for the new coezxcients of a vector under a change of orthogonal
basis. We turn to this derivation rst.

Supposewe have an orthogonal basisf e;; e;; e3g of IR® and a vector V 2
IR®. Then sincewe can expressV as a linear combination of ey, &, and e,
there exist scalarsa;, a,, and az sud that

V = a1 + a6, + ages: (2.1)

To nd thesescalars, we will usethe dot product. By taking the dot product
of both sidesof (2.1) with g we obtain

V ¢g (a1 + A€, + age3) Cg
a6 G + ape, Cg + aze3 e

a kg k¥ by orthogonality

So,
Ve |
ke k2’
Now considerthe set, L?(S?), of periodic functions f (1) on [0; 2% which
satisfy

YA 2% )
(F(W)"du <1

One can ched that L?(S?) formsa vectorspace.Now for any ;g 2 L2(ShH
we de ne the bilinear functional f ¢g = 021/“f (Wo(wdu and one can ched
that this functional, \ ¢, satis es the hypothesesrequired for it to be a dot
product.

Next we considerthe following set of functions.

fig[ fcognuwg[ fsin(nwg

Thesefunctions are vectorsin L?(S?). Our motivation for consideringthis
particular set of functions is that this set is exactly what we obtained as
boundary valuesof our special solutionsin the previoussectionby separation
of variablesfor Laplace'sequation on a disk. We needto take dot products
to determinewhether thesefunctions are orthogonal. By direct computation



of the integrals we verify
V4 2Y4
cosfi) cogmy) du

0

cogny) ¢cogymy)

I
o
>S5
™
3
| NKXKRRRRR €O

YA 2Y4

sin(np) sin(my) du
0

1
o

sin(ny) ¢sin(mp) né m (2.2)

V4 2Y4
sin(ny) cogymy) du

1
o

sin(ny) ¢cogmy)

and so indeed we can sa that this set of functions forms an orthogonal
set. Now just becausewe have an in nite orthogonal set, does not mean
that our set is \large" enoughto be a basisfor L?(S?). (Considerthe set
79 6 £1:1;Rg in IR® for comparison.) The fact that this setis a basisis a
consequencef the following fundamenal theorem of Fourier analysis.

Theorem 2.1. Letf (t) be piecewise-di®eentiable, continuous, and periodic
on [j L; L], then there exist constantsfa,gl_,, fbgi_; suchthat

ao X H unl/Iﬂ : “nl/iﬂﬂ .

f(t) = > + |\Illlgn . a, Cos L + Iy, sin 3 : (2.3)
Since the set of trigonometric functions consideredabove forms an or-

thogonal basis,we can gure out the coexcients ayp, a,, and b, exactly aswe
did in the nite dimensionalcase.Now instead of talking the dot product (in
the usual nite dimensionalsense)of both sidesof Equation (2.1) with the
vectorse;, &, and e;, we needto take the dot product (in the L?(S! sense)
of both sidesof Equation (2.3) with our orthogonal family of trigonometric
functions. Starting with the function 1, we get

Z, Z, ao ps
f(t) ¢ldt = — ¢1dt + 0
iL iL 2 n=1
= aCL
Thus,
Z
= — f (t)dt: (2.4)
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Simlilar% by taking the dot product of both sidesof (2.3) with the function

cos ™A we get

Z Z
L uml/lﬂ R L uml/iﬂ uml/ztﬂ
f (t) ¢cos dt = 0+ 0+ am COS cos dt
I anm ul ﬂ
L mY4
= a, co$ —— dt
iL L
= anCL
' ¢
Then, after doing the samecomputation with sin' ™2 " and after rearranging,
we get z, TR 9
= — f(t dt 0
W = f(hcos m, 0%
(2.5)
14t Hog 3
b = -  f(t)sin — dt m, 1]
L .. L

Therefore, f () can be expandedas a linear conbination of the boundary
valuesof the special solutions, and we have explicit formulas for the coez-
cierts in this trigonometric series. Howewer, before we get to our problem,
there is onemoreimportant conceptto understand,and we will explainit in
the next section.

3 Weak solutions of partial di®erential equa-
tions

Often sciertists produce a partial di®erenial equation as a mathematical
model for a physical phenomenon. However, implicit in the fact that they
have a partial di®eretial equation for their model is that they expect or
need di®eretiabilit y of the solutions in order to understand their partial

di®erettial equation in its \classical sense.” Unfortunately, scierists will

occasionallyhave a partial di®erenial equationwhich doesa fantastic job of
describingthe obsened smooth solutions, but where physically there seem
to be nonsmamth \solutions" to the samephenomenonor process. Mathe-
maticians have found ways around this dixcult y by generalizingthe notion

of what it meansto solve a partial di®eretial equation. We begin with a
motivational example.
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3.1 The wave equation

Supposewe have a rope which is stretched horizontally. Then when it vi-
brates, we can seewaves traveling along the length of the rope. We can
expressthis phenomenonin terms of the following partial di®eretial equa-
tion (known as the wave equation) which can be derived using Newtonian
medanicsand a few appraximations,

Vi = Vi (3.1)

In this equationV represems displacemen from the horizontal position. If
the initial position or velocity of our rope is not di®ereniable, then we can
obsenenondi®eretiable wavestraveling on our rope whenwe performempir-
ical experimerts. We canwrite down a mathematical function asan example
of this phenomenon.

< 0 Xit-jl
Ui(x;t) = . 1i jXi t il xjt-1 (3.2)
’ 0 1- xj t

Equation (3.1) doesnot make sensefor this casesinceU; is not even once
di®ereniable. Therefore,we needto de ne a generalizednotion of solution
to a partial di®erenial equation. One attempt at de ning a weak solution
might be to demandthat the partial di®eretial equationholdswhere\er the
putativ e solution is suxciently di®ereniable, and the exampleabove works
with this de nition.

The function

< 0 Xj 2t - jl
Ua(x;t) = . 1i jXi 2 il xj2t-1 (3.3)
' 0 1- xj 2t

would alsobe a weaksolution by this de nition, howeer (3.3) is not obsened
in nature whereas(3.2) is obsened. Sothis simple attempt at generalizing
the notion of solution fails. In the obsened phenomenorthe moving triangle
must travel with a xed speedwhich is not imposedby this de nition. In
short the attempt as stated above is too broad: Too many functions become
weaksolutions. In other wordsthere are more mathematical\solutions” with
this de nition, than there are obsened physical\solutions." It turns out that
mathematicianshave found a very °exible way of de ning solutions (the so-
called \w eak solutions" in the next section) which are typically neither too
broad nor too restrictivefor the purposeof modeling thesephysical situations.
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3.2 The formal de nition of a weak solution to a par-
tial di®erential equation

We would like to state the formal de nition of a weak solution to a patrtial
di®erertial equation. This time, we use the wave equation on a rope as
our example, but the idea of how to de ne \weak solutions" to a partial
di®erenial equationis very broad, and it will be clear how to extend this
de nition to any linear partial di®erenial equation from the casewe give
here. For the sake of comparison,we start with the classicalversion of our
partial di®erettial equation. We seeka V sud that

Vit = Vi forall (x;t) 2IRE (0;+1) (3.4)

Now assumingthat we havesudhaV, welet' beany smooth function which
vanishesoutside a compactsubsetof IR £ (0;+1 ), and we obsene that the
integrals 7z 7 7 7
V' dtdx & Vy'  dtdx
x2IR t2IR* x2IR t2IR*
are both well de ned and are obviously equal. Integrating by parts twice on
ead integral v;e corzlcludethat for any ' gs abgve

" Vdtdx = "¢ Vdtdx (3.5)

x2IR t2IR* x2IR t2IR*
for all classicalsolutions of the wave equation. One can also shav that
any twice cortinuously di®eretiable function V which satis es (3.5) for all
" must necessarilybe a classicalsolution of the wave equation. To show
this fact we start with the obsenation that if our weak solution V is twice
di®erertiable then we canintegrate eat side of Equation (3.5) by parts twice

and rearrangeto concludethat sud V's satisfy
Z Z

"(Mix i Vi) dtdx = 0: (3.6)
X t
BecauseV is assumedto be twice cortinuously di®ereniable, Viy j Vg is
cortinuousin IR£ IR*. Then supposethere exists (%, t) 2 IR£ IR sud that
Vix i Vit is positive at (x; t). By cortinuity, Vix i Vi is positivein somesmall
rectangleDy %2 IR £ IR* cortaining (x;t). Take' 2 C}(Dg) with ' , 0Oin
Do and' > 0 at the certer of Dy. Then
Z Z Z

" (Vix i Vi) dtdx = " (Vix i Vi) dtdx : (3.7)

x2IR t2IR* Do
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Since' and V,x | VW are positive in Dg, the expressionon the right hand
side of Equation (3.7) is positive, and this fact cortradicts (3.6). Thus, we
cansa that Vi i Vg is always 0. We summarizewith the following theorem.

Prop osition 3.1. LetV be a continuous function in IRE (0, +1 ). ThenV
is a classi@l solution of the waveequation if and only if

V is twice continuously di®etentiable
&
V satises (3.5) forall' 2 C} (RE£ IR"): (3.8)

On the other hand, Equation (3.5) cortinuesto make sensefor functions
V which are merely integrable, and we can comparethe set of functions
satisfying (3.5) for all suitable ' with the set of classicalsolutions of the
wave equation. Functions satisfying (3.5) for all sudh ' are said to be weak
solutions of the wave equation. In the next sectionwe will show that the set
of weak solutions of the wave equation includesthe function U; de ned in
Equation (3.5), and is therefore a broader classof functions than the set of
classicalsolutionsto the wave equation. Unlike our earlier attempt, howewer,
by this de nition, U, is not a weak solution, which is good, sincethe wave
travels at the wrong speed.

3.3 The wave equation revisited

In this section,we will shov U; asde nedin Equation (3.2) is a weaksolution
of the wave equation. Thus, we substitute (3.5) into (3.2) and then we need
to shaw that
YA 1 Z t+1 VA 1 z t+1
(1i Jxi t]) « dxdt= (1j jxi tj) ¢ dxdt: (3.9)
t=0 x=tj 1 t=0 x=tj 1

Becausewe cansimultaneouslyshow that U, is a weaksolution while shaving
that U, is not, we will de ne

8
< 0 Xi kt - j1

Uc(x;t) = 1 jxi ktj il- xj kt- 1 (3.10)
' 0 1- xj kt

13



and in fact show that Uy is a weak solution if and only if j k j= 1. Let

Z 1 Z kt+1
Ji = (i jxi kt)) x dxdt
t=0 =ktj 1
V4 1 ZXkt+1
J, = (Lj jxi kt))' ¢ dxdt:
t=0 x=ktj 1
We compute J;. Let
Z 1 Z kt+1
l1j 1o = (kt| X)I XX dxdt
Zt=10 ZXEtkt
l3j l4 = (xj Kkt)' xx dxdt
t=0 x=ktj 1
and
Z 1 Z kt+1
s := " dxdt:
t=0 x=ktj 1
Then,Jy= (11 12)+ (Isi 14) + Is5. We simplify (3.13).
Z 1 Z kt+1
I, = kt " dxdt
thlO x=kt
= kt (" x(kt+ Lt) i " «(kt; t)) dt
t=0
and
Z 1 Z kt+1
I, = X' dxdt
t=0 x=kt

which, by integration by parts, becomes

Z, - HZ 4 Z
I, = (kt+ 1) " 4(kt+ L;t)§ kt' 4(kt;t) i
Zt:lO t=0 x=kt
= [(kt+ 1) " «(kt+ L;t) i kt'(kt;t)j ' (kt+ Lt)+"
t=0
So,
Z 1
l1j Io= (i "x(kt+ Lt)+ " (kt+ 1;t); " (kt;t)) dt:
t=0

14

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

T.

"dx dt

(kt; t)] dt:

(3.17)



Next, we compute (3.14).
Zy 2Ly
IS = X ' XX dth
t=0 x=ktj 1

then by integration by parts, we get

Z, - Z .
l3 = (kt' x(kt;t) i (kti 1) x(kti Lt)) "x(x; 1) dx dt
Zt=10 x=ktj 1
= [kt w(kt;t) i (ktj 1) x(ktj Lt); " (kt;t)+ " (k+ 1;t))] dt:
t=0
Then,
Z 1 Z kt
I, = kt " dxdt
Zt:lO x=ktj 1
= Kt[(" x(kt;t) i " «(ktj 1;t))] dt
t=0
Thus,
Z 1
l3i la= [ x(kti Lit)j ' (kt;t)+ " (ktj 1;t)] dt
t=0

Also, we compute (3.15).
Z 1 Z kt+1
|5 = ' XX dth
Zt=10 X= kt| 1

[ «(kt+ L) ' x(ktj 1;t)] dt

t=0

Therefore,
Z 1
Ji = [ (kt+ L;t)§ 2 (kt;t)+ ' (kti 1;t)] dt: (3.18)
t=0
Next, we compute J, using Equation (3.12). Applying Fubini's Theorem
we get
J Z, Zu
Jo = (i jxi k) g dtdx

x=il t= 2
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Let

Z 1 Z t= x;l
Hij H, = (xj kt)' & dtdx (3.19)
x=il t=F
zZ, Z x
Hiyj Hs = (ktj x)" ¢ dtdx (3.20)
x=il t= Xikl
and
zZ, Z =)
Hy := 'y dtdx: (3.21)
x=il  t=%21
SoJ,=(Hyj Hz)+ (Hsi H4) + Hs. We compute (3.19).
Z 1 Z t= XEl
Hy = X Itt dtdx
Zx:11 % u q . i
= 1 X X'X+1 ' X'deX'
- ’ | I y
X:|1 ' k ‘ k
and
Z 1 Z t= X+1
H, = kt' t dth,
x=il f
so by integration by parts, we get
! . #
Z 1 IJ. X + 1ﬂ 3 X Z t= XEl
H, = X+ 1) X;—— i X' ¢ X, = i K'dt dx
ZX:il k ; k' x
! , e 7 X
= (x+1)¢ x;— i X' ¢ X+
x=il k ﬂ 3 k ,
i k' MX)H-1 + k' X'ﬁbdX'
I k) k ) k -
Thus,
Z ,
1 ,“ x+1ﬂ ,u x+1ﬂ ,3 X
Hij Hx= i'toX +k' X i k' x;= dx: (3.22)
X=il k k k
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Next

Z, Z«x
H3 = kt ' tt dth,
x=il t=%1
and by integration by parts, we get
" , #
Hy = o NIV xi ' llx-xi AN K' ¢ dt dx
3 - =il t ’k | k t ’ k | t=><|k1 t
Tt Ay A "y T
- ‘=il t )k | k t ) # |
3 ’ u 5
k' X'5 + k' X Xi 1 dx
"k "k
and
Z, Z _x1
Hy = X "t dtdx
x=il t=X%
k3 .
= o X ' X'X ' ux)(ll‘lLdX'
‘=il t ’k | t ’ k .
Thus,
Z, M T 3 M )l
, xij 1 , X , xij 1
: - : : AT (3.
Hsi Ha - ¢ X K i k x,k k' X; c dx : (3.23)
Also, we compute (3.21).
zZ, Z a1
H5 = Itt dtdx
:|l t:Xil
= ZXl ' mX'XJrlﬂ ' HX'X' lﬂ’ dx; (3.24)
- ‘=1 t ’ k | t ’ k ’ .
and by summing we obtain
Z]_ ' “ T[ 3 ’ l"l ﬂs
+ .
Jo=k ' x;Xk1 i 2 X;E + x;X'k1 dx: (3.25)

x=jl
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Considerationof the support of ' allows us to write Equation (3.25) as
Z, 1 i Z, 3 g Z, U 1

+1 i 1
J, =k ' x;X dxj 2k X Xi

X
— ; dx:
x=i1l k x=0 k x=1 k

(3.26)
Using the u-substitutions u = X%, u = %, and u = XX respectively in the
three integralsin Equation (3.26) we get

Z 1 Z 1 Z 1
J, = k2 "(kuj Lu)duj 2k2 ' (ku; u)du + k? ' (ku+ 1;u)du

u=0 u=0 u=0
(3.27)

Then from (3.18) and (3.27), we can sa that
Jo = szl;

and sincewe caneasily nd a' that makesJ; 6 0, and sinceJ; = J, is the
requiremen for Uy to be a solution, we must have

kg 1

4  Our comp osite materials problem

We wish to study someof the properties, esgecially boundson the gradient,
of weak solutionsto the following partial di®erenial equationin IR?:

div(AG)r U) = 0 (4.1)

We assumethat A(x) is a piecewise-constanmatrix-valued function of our
location in the plane. We assumethat for all % 2 IR?, A(%) is a symmetric
positive de nite matrix. Finally, we make somegeometricassumptionsabout
the \cuts" or curves of discortinuity of A(x), but before explaining these
assumptionswe explain a little bit of the physical badkground which might
lead to Equation (4.1).

We examine rst a situation consideredby Yanyan Li and Michael Vo-
gelius. (See[LV].) They assumedhat they had a b er-reinforcedcomposite
material with identical cross-sectionsthat their b ersweresmooth and were
all made of one material with shearmodulus equalto ap; and that the ma-
trix surrounding the b ers was assumedto have a di®erem and xed shear
modulus which they took to be 1 for corvenience. The shearmodulus of a
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material is a positive number which, roughly speaking, measurests strength.
They let u represemn the out-of-plane elastic displacemen, and by modeling
the situation with the equationsof linear elasticity, they arrive at Equation
(4.1), wherethey have A(%) = agl whenx isin the berand A(x) = | when
¥ is in the surrounding matrix. In this setting, the most important quartity
from an engineeringpoint of view is the stress. The questionLi and Vogelius
focusedon was whether or not the stresswould remain pointwise bounded
if the b ers approated eath other. This stressis bounded if and only if
the gradiert of U remainsbounded,and sotheir questionbecamethe purely
mathematical problem of obtaining good boundson r U. They answered
this problem by shawing that, indeed,with smooth bersjr Uj is lessthan
a constart depending on the boundary data at every point of the interior of
the domain, but that this constart is independen of the distance between
the bers.

We becameinterestedin generalizingthis work after rst author discussed
this problem with Yanyan Li when he had a post-doctoral appointment at
Rutgers. Speci cally, we now assumethat we have 4 di®erenn materials
with a point commonto their boundaries,and askif there is a compatibility
condition which canbeimposedin the anglesthey meetand/or ontheir shear
moduli sud that the stressremains bounded at this vertex. The simplest
examplemight be a compositein the planewhereead quadrart had its own
material with shearmoduli a, b, ¢, and d, asin the gure.

In this caseonecanshaw that ac= bdwill leadto solutionswhich necessarily
have pointwise bounded stress. This paper attempts to descrike this result
and generalizeit. The rst order of businesshoweer, is simply to establish
compatibility conditions satis ed by the solution of Equation (4.1) along
the \cuts" of A(%). Theseconditions are analogsto the condition that the
function Ui (x; t) is not a weak solution of the wave equation unlessjkj = 1.
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4.1 De nition of weak solution and compatibilit y con-
ditions

By a weak solution to Equation (4.1) in B;, we will mean a piecewisedif-
ferertiable function U sud that for any smooth function ' which vanishes
outside a compact subsetof B; we have
z
r' (AQGer u)dx = 0: (4.2)
B1
As in the de nition of weak solution to the wave equation, this de nition
doesnot imply that the divergenceof A(¢)r U exists, and solessregularity
is assumedfor weak solutions of (4.1) than for classical solutions. Once
again, howewer, it is a simple matter to shav that wherewer div(A(x)r U) is
cortinuous, it must equal zerojust asin Proposition 3.1. Soweak solutions
with enoughregularity are always classicalsolutions. Wherer U hasjump
discortinuities, it must obey compatibility conditions which are analogsof
the \V elocity = 1" condition for our weak solutions of the wave equation.
We turn to the derivation of theseconditions now.
We want to nd compatibility conditions for weak solutions of

div(A(x)r U) = 0in B;

at points where A(x) has jump discortinuities. Before we can begin this
pursuit we needto gather someof the more basic properties of the equation,
which we do here:

Prop osition 4.1. Supmsefor conveniene that
Ys
AW Yl
Then
(a) Equation (4.1) is Linear

(b) U(x;y) = ¢+ c1x is a weak solution of Equation (4.1) for any ¢y and
a?2IR

(c) If U(x;y) is a weak solution of (4.1) with U(0;0) = 0, then U:(x;y) =
2i 1Y(2x; 2y) is also a weak solution of (4.1) for all 20< 2 < 1.
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(d)

If U, is a seguene of weak solutions of Equation (4.1) in B; and U,
convegesto U uniformly in B; andr U, convegesto r U uniformly
in By, then U is a weak solution of Equation (4.1)

Pro of.

(@)

(b)

(€)

First item is obviousfor classicalsolutions,and the property of linearity
is presened when consideringweak solutions simply by observingthe
linearity of the integralsinvolved.

The seconditem is veri ed by direct computation. SinceU, = ¢; and
Uy, = 0, Equation (4.2) can be written as
z M M c Al
= (x'y) AX) ~  dx
B1 O

Then, we compute
Z Z

(" x;"y) ¢(ac; O)ax + (" x;"y) ¢(bg; 0)dx
B Bi
lz Z 1
ac; " adx+ bg o « O
72 Biz7
= ag ' xdxdy + bg o «axdy:

By By

Since' vanisheson the boundary of B;, we can concludeafter inte-
grating in the x direction,
z 1 Z 0
|l =ag (0 O)dy+bg (0j O)dy=0:

0 il

ThusU(X;y) = ¢+ ¢1x is a weak solution of Equation (4.1) for any ¢
andc; 2 IR.

For the third item, we let %x° := 2% sothat x° = 2x, y° = 2y, and
dA(%% = 22dA(%). Soit followsthat r .V = 2r ,oV. Now we can chedk
that U.(x;y) = 2i tU(2x; 2y) = 2i t1U(x%yY is a weak solution of (4.1)
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wheneer U is. We assume 2 C}(B,) is otherwisearbitrary.
Z

r' ()AC)r U:(x; y)dA(x)
BlZ
= 21t r ' COAC)r xU(3X; 2y)dA(x)
Zx281

= 2t . e (3 )AR X9 (U(XGY)ZPdA(X)
7 x2 B2

2 r YAGOACIr LU(X%y)dA(X)
x02 B2

(4.3)

wherein the last equality we usedA(+x) = A(x) for any +> 0, and we
let A(x9 = ' (21 %9, sothat our function A is an arbitrary function
in C3(B:) ¥ C}(B1). Continuing with our integration and using the
chain rule estimateszmertioned above we have

| =23 r xoAYACIr UEOdAR :
x02 B2

Now sinceA vanishesoutside B:, we have
z
| = 23 r xoAXYIAIr WUXYDAXY = 0
onBl

where the last equality is due to the original assumptionthat U is a
weaksolution of Equation (4.1) in B;: Finally we obsene by the original
de nition of I, this computation con rms that U. must alsobe a weak
solution in Bj.

(d) For the fourth item, let' 2 C3(B;). Then

z
r* (AX)r U)dx
Z5
= r' (AXX)(r Uj r U, +r Uy))dx
Z5 Z
= r' (AXX)(r Uj r Uy))dx+ r' (A(xX)r U,)dx
ZBl B1
= r' (Ax)(r Uj r Uy))dx
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_R p—
Next, we would like to estimate ~ ; r ' (A(x)r U)dx". By the last

B
_R

computation it is equalto =, r ' (A(X)(r Uj r Up))dx. Then we

can sy that

r(AQ)(r Uj r Up))dx—

e

Bi

jr VA Ui r Upjdx
B1

n;ngr " (%)) tmaxf a;bg(l:rrzlngr Ui r Uy(®)j ¢4

N

C ¢maxjr U(x)i r U,(%)j
x2B1
(4.4)

where we note that the constart C is independernt of n: Now by com-
bining the last two computations we have

r' (A(X)r U)dx:- C¢n;ngr UX)i r Up(¥)]
XZbi

1

B1

By taking the limit on both sidesasn! 1 we get

r' (A(X)r U)dx— 0

Bi1

FE!

by the uniform corvergenceof r U, to r U. Therefore,
Z

r'(Ax)r U)dx=20

B1

and soU is weak solution of (4.1). =

At this point, we needonemore result related to the smaothnessof weak
solutions of Equation (4.1). This fact is due to the regularity theory enjoyed
by solutions of elliptic partial di®erertial equations and we state it here
without proof.

Theorem 4.2. With A(x) asalove,if U(X;y) is a weak solution of Equation
(4.1) in By, then U is continuousin By; is real analytic on B ; and is real
analytic on B] .
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(A real analytic function is a function which is equal to its power series,
B :=B;\ fy>0g;andBj = B;\ fy< 0g:)

Armed with Theorem (4.2) and Proposition (4.1) we can quickly produce
a necessarycompatibility condition satis ed pointwise acrossthe jump dis-
cortinuity of A(x). Welet Uy and U] denotethe one sidedy-derivativesof
U alongthe x-axis.

Prop osition 4.3 (Necessary pointwise compatibilit y condition). As-
sume U is a continuous weak solution of Equation (4.1) in By with A(%)
givenasin proposition (4.1), thenfor | 1< x < 1 we have

auy (x;0) = by, (x; 0): (4.5)

Pro of. By the translation invariancein x alongwith the rescalingproperties
of Equation (4.1), it is clearthat it sutcesto prove this result whenx = 0.
Sousing Theorem (4.2) we expressour solution U(x; y) asfollows

Ya
+ 2 + + . ,2
U(xy) = Cot Cix+ Coy+ Cyyx*+ Cixy+ CLy-+ ¢¢  y, O

Co+ Cix+ Chy+ Cpyx?+ Clxy + Cly?+ ¢¢¢  y- 0

Obviously, U; (x; 0) = C; and Uj (x;0) = C}, sowe needto shov aC; =
bC, to prove our theorem.

By using Proposition (4.1)(a) and (4.1)(b), we know U(x;y) := U(X;Y)i
Coi Cixisstill a weaksolution of Equation (4.1). By proposition (4.1)(c),
O.(x;y) := 2i 1O(2x; 2y) is still a solution. Now a bit of algebrashavs

Yo
C7y+ 2C1x? + 2Coxy + 2Coy% + O(%%)

0
Cly+ 2C11x® + 2Clxy + 2CLy* + O(%?) ,

C:(x;y) =

y 5
y .
and 0:(x; y) = corvergesto

1/2C+ 0
‘) = 2y Y.
UO(X’y)_ Céy y - 0

as2! 0. Sincethe convergenceof U. to U is uniform in B,, and sincea

short estimation shonvsthat r 0. convergesuniformly (and that it corverges
to r Uy), we can now useProposition (4.1)(d) to concludethat U, is a weak
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solution of Equation (4.1). Knowing that U, is a weak solution of Equation
(4.1) allows us to sa that for any ' 2 C3(B1), we must have
Z
0= r' (A(X)r Gg)dA:

B1

On the other hand,

Z
r' (A(x)r Op)dA
7 z
=a (x;'y¢0;C7)dA+Db ("' y)¢0;C})dA
BIZ Z BZIL
= aC; 'y dydx+ bC, ' dydx
uBl 7 Bﬁ uz q
= aC; O0j ' (x;0)dx + bC "(x;0)dxj O
fy=OgZ fy=0g
i ¢
= ' aC + bC ' (x; 0) dx:
fy=0g

By choosing' to ensurethat the integral doesnot vanish, we concludethat
aC; =bC,: =

Soof coursewe know now that acrossthe x-axis we must satisfy Equation
(4.5). We now shaw that for weaksolutionsof Equation (4.1), Equation (4.5)
is the only condition we require on the x-axis.

Prop osition 4.4 (Suzxcien t pointwise compatibilit y conditions). Take
A(%) as alove. AssumeU is a continuous piecewise di®erentiable function
suchthat ¢ U=0in B;; ¢U=0in B}, and au; (x; 0) = bU (x; 0) for all
x 2 (i 1;1). Then U is a weak solution of Equation (4.1).

Pro of. Welet' 2 C}(B;) and useGreen'sidertities and our assumptions
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to compute
Z
r'A (x)r Udx
7 Z
a r' ¢r Udx+b r' ¢r Udx
By 7B z z
=ja 'CUdx+a '@dHlib "¢ Udx+ b @
2 Bi @, @ B ® O
=a ' @dx+ b ' @dx
7 fy=09\ @] fy=o@1\?il @
(i aUy (x; 0))dx + " (bY (x; 0))dx
fi500\ @; 7 fy=0g\ @}
[ ' (aUy )dx + ' (ay, )dx
fy=0g fy=0g
=0 «o

dH?

4.2 Applying the compatibilit y conditions to our set-
ting

In the previoussectionwe took A(x) to equala in the upper half plane and

b in the lower half plane simply for corvenience.Obviously we would obtain

a similar compatibility condition acrossany linear \cut" of A(%). If we now

take 8

Ya
b “. o yu< v
AGI= f i< 2 (4.6)
" b %‘1- U< 2%

(with A(0O; 0) de ned arbitrarily), then exceptfor the behavior at the origin
the following theoremis provenwith the exactsameargumerts asProposition
(4.3) and Proposition (4.4).

Theorem 4.5. TakeA(x) asde ned in Equation (4.6), and assumeU () is
a continuous function which is piecewisedi®elentiable and whosederivatives
are boundal. Then U(%) is a weak solution of Equation (4.1) if and only if

(@ ¢ U = 0 within each open quadiant, and
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(b) U satis es the compatibility conditions

() au; (0y) = by, (Giy) y=>0
(i) bY (x;0)=cUi(x;0) x<0
(i) cU (O;y) = dUg(0y) y<0
(iv) dUj (x;0)= aU; (x;0) x> 0
Pro of. This theoremis obvious exceptfor potential trouble at the origin. In
fact, the necessiy of the conditions above follows exactly as before. There-
fore, to prove the theorem, we needonly to shav that if U satis es both
conditions a & b, then U must be a weak solution. So we assumeU(X; y)
satis esa & baboveandwelet' 2 C}(B;) and we want to show

z
r' (A(x)r U)dx = 0:

B1
Let A(%) be a function which satis es
1) A2 CYIR?)
2)0- A- 1
3) A" 1onB:
4 A0 outside B
5)jr Aj- 4.

(It is a simple exerciseto construct such a A:) We will usethis auxiliary
function to separatethe integral into a integral away from the origin which
vanishesfrom our conditions on U exactly asin the previous proposition,
and an integral near the origin, which we will be able to make arbitrarily

small.
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Now obsene that for any 0< 2 < 1, we have

Z
r' ) (AG)r U(x))dx
z> u TR TS
= () 1i A +A T ACG)r U(x)dx
Z* pop i T
= rote) 1i A 3 ACe)r U(¢)dx
o Z H p T
+ o A S ACGOr U(x)dx
Z B1 z
= o E)AGIN UGdx+ 1 e AG)r U(x)dx
BlnBz2 B:
where
H ~HX‘H‘H
) = (%) 1i A S
and A
) =t (x) A 2

The integral over By n B: vanishesafter splitting it into the componert
guadrarts, using Green'sidertit y, and applying the compatibility conditions
on U. This computation is essetially the sameas the computation in the
proof of Proposition (4.3). Sowe are left with the equality
Z - Z ¢
— o OAG)r UGk —= — 1 L A U(x)dx —

B1 B-

for any 2 > 0. On the other hand we can estimate

i ¢ —
r A U dx —
ZBz_ _

— 0, :
oty JAGjjr Uee)j dx
B -
maxf a;b;c;dgmaxjr U(*)jmax r 'L ¢¥22

X2B1 X2 B:

N

maxf a; b;c;dgmaxjr U(x)j ¢(C ¢2i 1y ¢132
Xzbi

IS .
C2maxjr U(x)]
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Sincewe have assumed U is bounded,and since? can be arbitrarily small,
we must have 7 —

— 1 AR Ux)dx—= 0
Bi1
which provesthe theorem. =

4.3 Synthesis of previous results

We can now use Theorem (4.5) and what we know about the separated
solutionsof Laplace'sEquation to attempt to constructafamily of orthogonal
solutionsto Equation (4.1). Weareparticularly interestedin con rming three
properties of any family we nd:

1. Is the family orthogonal, and if yes, what is the correct notion of dot
product for this orthogonality? In other words, is there an analogueof
Equation (2.2)?

2. Isthe family complete?In other words, is there an analogueof Theorem
(2.1)?

3. Do all of the solutionsin our family have boundedgradierts near the
origin?

In the casewhere ac = bd we have the following family of solutions
obtained by \glueing" togetherthe r" cosnuy and r" sinnpu functionsin a way
which satis esthe compatibility conditions. We de ne the following functions
forj, O:

1

’ clrd*tcoq(2j + DW)] | v&2- u- ¥&2

Ou(GH = gracod(2) + )]  YE2- p- 32
O (1) = c[r?*tsin((2j + )] O0- p- Ya
AHT bpasin( W] Ve w2
©g; (1) = r? cog2j)

8 o

3 alr?sin@ZP] 0 p<¥e2

b ![r? sin(2] YE2 - U< Y

5Tl = ginagnan v e s

2 Clrdsin@Zy] Ya p< 3¥R2
dl[rdsinQu] 3va2- pu< 2Y:
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It follows by Sturm-Liouville theory that the set above is complete,and by
inspection it is clear that the gradierts are all boundedin B;: A long but
elemertary computation shavsthat the functions ©;; (1; 1) are orthogonalin
L2(SY; A(1; ) dy); and it is alsosimpleto show that

div (A(r; r ©;) = 0O:

The spacelL?(SY; A(1;1) dy) is exactly like the spacelL ?(S'); except that
instead of askingthat functions satisfy

YA 2Y4
f(W?du<1 ;
0
we require Z
f(W? ALY du< 1 :
0

Of coursesincethe constarts a; b; c; and d are positive constarts bounded
away from 0 and 1 ; it is clear that the functions in L?(S*; A(1; ) dy) are
the sameas the functions in L?(S?) : On the other hand, in this space,the
dot product betweentwo functions, f and g is de ned by

Z 2Y4
f ¢g:= f(Wa(W) AL 1) dy;

0

sothe \geometry" of thesefunctions is di®eren.
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