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1 Separation of variables

1.1 Outline

The mostbasicway of solvinglinear partial di®erential equationsand the ¯rst
method learnedby the vast majorit y of students is the method of separation
of variables. This method consistsof the following: We attempt to ¯nd a
family of solutions with a special form, and then try to obtain all solutions
as linear combinations of these special solutions. The special requirement
we placeon theseinitial functions is that not only do we ask them to solve
the partial di®erential equation and any homogeneousor periodic boundary
conditions, but we alsorequire them to be products of functions which each
have only one independent variable.

Our ¯rst step in applying this method is to substitute these functions
into the original partial di®erential equation and attempt to usealgebra to
bring the resulting equation into a form where the independent variables
appear only on opposite sidesof the equality; hencethe name\separation of
variables." At this point, assumingthat wehavebeensuccessfulin separating
the variables(and assumingfor simplicity that the original partial di®erential
equation is of secondorder), our equation should have the form

F (x; f (x); f 0(x); f 00(x)) = G(y; g(y); g0(y); g00(y))
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whereF and G arefunctionswhich aredeterminedcompletelyby the original
partial di®erential equation. Now whatever f and g turn out to be, we can
alsosay that our equation now has the form

F (x) = G(y)

where F (x) := F (x; f (x); f 0(x); f 00(x)) and G(y) := G(y; g(y); g0(y); g00(y)):
Next by alternately varying x and y while the other variable is held ¯xed, it
is clear that we must have

F (x) = G(y) = constant (1.1)

Solving F (x) = C and G(y) = C amounts to solving an ordinary di®erential
equation. At this point when we introduce any homogeneousor periodic
boundary conditions demandedby the original partial di®erential equation
wediscover that mostvaluesof the constant on the right handsideof equation
(1.1) leadusonly to the trivial solution. On the other hand, for a wideclassof
linear boundary value problemswhich include Laplace'sequation on a disk,
the heat equationon a line segment, and the waveequationon a line segment,
we will obtain a sequenceof \good" constants that lead to a corresponding
sequenceof nontrivial solutions. Due to the specialpropertiesenjoyedby the
boundary valuesof this sequenceof solutions,it turns out that the solution of
the original partial di®erential equation will always be a linear combination
of these functions, and there is a simple way to derive an explicit formula
for the coe±cients in this expression.We will explorethoseproperties in the
next section, but now we turn to the application of the rest of the method
to Laplace'sequation on a disk.

1.2 Examples

We start by solving Laplace'sequationon a disk asan exampleof the appli-
cation of separationof variables. (As it turns out, we will needthe solutions
that we ¯nd herelater on when we turn to our problem from composite ma-
terials.) We seeka function u which satis¯es the following boundary value
problem:

¢ u = 0 in DR

u(R; µ) = f (µ) on @DR :
(1.2)

The Laplaceoperator in IR2 is given by

¢ U = Uxx + Uyy :
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In polar coordinates, by a lengthy but elementary exerciseusing the multi-
variable chain rule, we can verify

¢ U = Ur r +
1
r

Ur +
1
r 2

Uµµ : (1.3)

Thus, Laplace'sequation in IR2 for a function U = U(r; µ) becomes

0 = Ur r +
1
r

Ur +
1
r 2

Uµµ : (1.4)

We assumeour solution takes the form U(r; µ) = g(r )h(µ) and by plugging
this into (1.4) we obtain

0 = g00(r )h(µ) +
1
r

g0(r )h(µ) +
1
r 2

g(r )h00(µ)

= (g00(r ) +
1
r

g0(r ))h(µ) +
1
r 2

g(r )h00(µ)

or
h00(µ)
h(µ)

=
¡ g00(r ) + 1

r g0(r )
1
r 2 g(r )

= ¡
µ

r 2g00(r ) + rg0(r )
g(r )

¶
(1.5)

Sincethe left hand sideis a function of µ and the right hand sideis a function
of r, the only way a function of µ canequala function of r is for both functions
to be the sameconstant. This is exactly the situation we had in Equation
(1.1). We call this constant ±, and we split the problem into three cases
accordingto whether ± is positive, zero,or negative.

Case1: ± = ¸ 2 > 0, and so
h00(µ)
h(µ)

= ¸ 2;

then,
h00(µ) ¡ h(µ)¸ 2 = 0:

We solve the ordinary di®erential equation and we get

h(µ) = Ae¸µ + Be¡ ¸µ

whereA and B areconstants. Then, weneedto considerthe periodicity
condition:

U(r; ¡ ¼) = U(r; ¼): (1.6)
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We can express(1.6) in terms of g(r ) and h(µ)

g(r )h(¡ ¼) = g(r )h(¼)

and then either g(r ) ´ 0, or

h(¡ ¼) = h(¼) (1.7)

Ae¸ (¡ ¼) + Be¡ ¸ (¡ ¼) = Ae¸¼ + Be¡ ¸¼

(A ¡ B)e¸¼ = (A ¡ B)e¡ ¸¼ :

Sinceg(r ) ´ 0 givesonly the trivial solution, weexcludethis possibility,
and then sinceȩ ¼ 6= e¡ ¸¼ , we can say A = B. Thus, h(µ) = A(ȩ µ +
e¡ ¸µ ). Now we considerthe other periodicity condition:

Uµ(r; ¼) = Uµ(r; ¡ ¼) (1.8)

We can expressUµ(r; µ) in terms of g(r ) and h(µ)

Uµ(r; µ) = g(r )h0(µ)

= g(r )
d
dµ

(A(e¸µ + e¡ ¸µ ))

= g(r )A(¸e ¸µ ¡ ¸e ¡ ¸µ )

= A¸g (r )(e¸µ ¡ e¡ ¸µ ) : (1.9)

We substitute (1.9) into (1.8) and then after again excludingg(r ) ´ 0,
we get

g(r )h0(¼) = g(r )h0(¡ ¼)

A¸ (e¸¼ ¡ e¡ ¸¼ ) = A¸ (e¡ ¸¼ ¡ e¸¼ )

2Ae¸¼ = 2Ae¡ ¸¼

Ae¸¼ = Ae¡ ¸¼ :

Sinceȩ ¼ 6= e¡ ¸¼ , A must be 0 and then B is also0, and so we obtain
only the trivial solution in this case.

Case2: ± = 0, and so
h00(µ)
h(µ)

= 0: (1.10)
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The generalsolution of (1.9) is

h(µ) = Aµ + B

whereA and B areconstants. Then we considerperiodicity conditions.
From (1.6), we can derive

A(¡ ¼) + B = A¼+ B: (1.11)

Equation (1.10) forcesA to be 0. (Note that Equation (1.7) imposes
nothing new.) Thus, U(r; µ) = Bg(r ); and g(r ) satis¯es

0 = r 2g00(r ) + rg0(r ):

Let G(r ) = g0(r ). Then,

0 = r 2G0(r ) + rG(r )

= rG0(r ) + G(r )

=
d
dr

(rG(r )) :

Sinceits derivative is zero, rG(r ) is constant. Thus,

G(r ) =
~A
r

and g(r ) = ~A ln r + ~B

where ~A and ~B areconstants. Then, boundednessforces ~A = 0. There-
fore, the only nontrivial solutions in this caseare constants.

Case3: ± = ¸ 2 < 0, and so
h00(µ)
h(µ)

= ¡ ¸ 2;

and
h00(µ) ¡ h(µ)¸ 2 = 0:

This ordinary di®erential equation has the generalsolution

h(µ) = A coş µ + B sin¸µ :

From (1.6), we can derive

A cos(¡ ¸¼) + B sin(¡ ¸¼) = A cos(¸¼) + B sin(¸¼)
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then,
2B sin(¸¼) = 0

Thus, we can say either B = 0 or ¸ = n 2 IN. Next, we need to
considerthe other periodicity condition. As in (1.8), we can derive

Uµ(r; µ) = g(r )(¡ A¸ sin¸µ + B¸ coş µ )

By excluding g(r ) ´ 0 as beforewe get

¡ A¸ sin(¡ ¸¼) + B¸ cos(¡ ¸¼) = ¡ A¸ sin(¸¼) + B¸ (cos¸¼)

and
2A¸ sin(¸¼) = 0:

Therefore,we can say either A = 0 or ¸ = n 2 IN. We note, however,
that ¸ = n leadsto a nontrivial solution. On the other hand, if ¸ 6= n,
then it forcesboth A = 0 and B = 0, which of coursegivesus only the
trivial solution, sohenceforthwe are only interestedin the case¸ = n.

Now, we needto ¯nd g(r ). From (1.4), we have

¡
µ

r 2g00(r ) + rg00(r )
g(r )

¶
= ¡ ¸ 2 = ¡ n2

and
r 2g00(r ) + rg0(r ) ¡ n2g(r ) = 0

We solve this Euler Equation and get

g(r ) = Ar ¡ n + Br n :

Once again, boundednessforcesA = 0; and sincewe know h(µ) and
g(r ), we have the family of solutionsof the partial di®erential equation

Un (r; µ) = r n (A cos(nµ) + B sin(nµ)): (1.12)

Let

~Vn (r; µ) = r n cos(nµ)
~Wn (r; µ) = r n sin(nµ)
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then,

~Vn (R; µ) = Rn cos(nµ)
~Wn (R; µ) = Rn sin(nµ)

In addition, let

Vn (r; µ) =
³ r

R

´ n
cos(nµ) n = 0; ¢¢¢; 1

Wn (r; µ) =
³ r

R

´ n
sin(nµ) n = 1; ¢¢¢; 1 (1.13)

and this is the desiredfamily of nontrivial solutions. Observe that any
function which is a linear combination of the functions in Equation
(1.12) is alsoa linear combination of the functions in Equation (1.13).
Note that the boundary valuesof thesesolutions are simply

Vn (R; µ) = cos(nµ)

Wn (R; µ) = sin(nµ):

(Theselast two equationsshow why the family f Vng [ f Ung is slightly
preferableto the family f ~Vng [ f ~Ung :)

Now the key questionsare

1. Can f (µ) be expandedas a linear combination of theseboundary val-
ues?

2. If so, can we compute the coe±cients in our trigonometric series?

The answer to thesequestionsis yesas we will seein the next section.

2 Fourier series and orthogonal functions

To expandf (µ) as a linear combination of the family of trigonometric func-
tions we obtained asboundary valuesof solutionsin the previoussection,we
will want to understandthe idea of orthogonality as it appliesto in¯nite di-
mensionalvector spacesof functions. We assumethe reader is familiar with
the notion of orthogonality in ¯nite dimensions,and in fact, the formulas
we derive can be found by exact analogywith the formulas found in Linear
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Algebra for the new coe±cients of a vector under a change of orthogonal
basis. We turn to this derivation ¯rst.

Supposewe have an orthogonal basisf e1; e2; e3g of IR3 and a vector ~V 2
IR3. Then sincewe can express~V as a linear combination of e1, e2, and e3,
there exist scalarsa1, a2, and a3 such that

~V = a1e1 + a2e2 + a3e3: (2.1)

To ¯nd thesescalars, wewill usethe dot product. By taking the dot product
of both sidesof (2.1) with ej we obtain

~V ¢ej = (a1e1 + a2e2 + a3e3) ¢ej

= a1e1 ¢ej + a2e2 ¢ej + a3e3 ¢ej

= aj k ej k2 by orthogonality

So,

aj =
~V ¢ej

k ej k2
:

Now consider the set, L 2(S1), of periodic functions f (µ) on [0; 2¼] which
satisfy Z 2¼

0
(f (µ))2 dµ < 1

One can check that L 2(S1) forms a vector space.Now for any f ; g 2 L 2(S1)
we de¯ne the bilinear functional f ¢g =

R2¼
0 f (µ)g(µ)dµ and one can check

that this functional, \ ¢", satis¯es the hypothesesrequired for it to be a dot
product.

Next we considerthe following set of functions.

f 1g [ f cos(nµ)g [ f sin(nµ)g

Thesefunctions are vectors in L 2(S1). Our motivation for consideringthis
particular set of functions is that this set is exactly what we obtained as
boundary valuesof our specialsolutionsin the previoussectionby separation
of variablesfor Laplace'sequation on a disk. We needto take dot products
to determinewhether thesefunctions are orthogonal. By direct computation
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of the integrals we verify

cos(nµ) ¢cos(mµ) =
Z 2¼

0
cos(nµ) cos(mµ) dµ = 0 n 6= m

sin(nµ) ¢sin(mµ) =
Z 2¼

0
sin(nµ) sin(mµ) dµ = 0 n 6= m

sin(nµ) ¢cos(mµ) =
Z 2¼

0
sin(nµ) cos(mµ) dµ = 0

9
>>>>>>>>>>=

>>>>>>>>>>;

(2.2)

and so indeed we can say that this set of functions forms an orthogonal
set. Now just becausewe have an in¯nite orthogonal set, does not mean
that our set is \large" enoughto be a basis for L 2(S1). (Consider the set
f î; ĵg 6= f î; ĵ ; k̂g in IR3 for comparison.) The fact that this set is a basisis a
consequenceof the following fundamental theoremof Fourier analysis.

Theorem 2.1. Let f (t) be piecewise-di®erentiable,continuous, and periodic
on [¡ L; L], then there exist constants f ang1

n=0 , f bng1
n=1 suchthat

f (t) =
a0

2
+ lim

N !1

NX

n=1

µ
an cos

µ
n¼t
L

¶
+ bn sin

µ
n¼t
L

¶¶
: (2.3)

Since the set of trigonometric functions consideredabove forms an or-
thogonal basis,we can ¯gure out the coe±cients a0, an , and bn exactly aswe
did in the ¯nite dimensionalcase.Now insteadof talking the dot product (in
the usual ¯nite dimensionalsense)of both sidesof Equation (2.1) with the
vectorse1, e2, and e3, we needto take the dot product (in the L 2(S1 sense)
of both sidesof Equation (2.3) with our orthogonal family of trigonometric
functions. Starting with the function 1, we get

Z L

¡ L
f (t) ¢1dt =

Z L

¡ L

a0

2
¢1dt +

1X

n=1

0

= a0 ¢L

Thus,

a0 =
1
L

Z L

¡ L
f (t)dt: (2.4)
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Similarly, by taking the dot product of both sidesof (2.3) with the function
cos

¡
m¼t

L

¢
, we get

Z L

¡ L
f (t) ¢cos

µ
m¼t

L

¶
dt = 0 +

1X

n6= m

0 +
Z L

¡ L
am cos

µ
m¼t

L

¶
cos

µ
m¼t

L

¶
dt

= am

Z L

¡ L
cos2

µ
m¼t

L

¶
dt

= am ¢L

Then, after doing the samecomputation with sin
¡

m¼t
L

¢
and after rearranging,

we get

am =
1
L

Z L

¡ L
f (t) cos

µ
m¼t

L

¶
dt m ¸ 0

bm =
1
L

Z L

¡ L
f (t) sin

µ
m¼t

L

¶
dt m ¸ 1:

9
>>>>=

>>>>;

(2.5)

Therefore, f (µ) can be expandedas a linear combination of the boundary
valuesof the special solutions, and we have explicit formulas for the coe±-
cients in this trigonometric series. However, beforewe get to our problem,
there is onemore important conceptto understand,and we will explain it in
the next section.

3 Weak solutions of partial di®eren tial equa-
tions

Often scientists produce a partial di®erential equation as a mathematical
model for a physical phenomenon. However, implicit in the fact that they
have a partial di®erential equation for their model is that they expect or
need di®erentiabilit y of the solutions in order to understand their partial
di®erential equation in its \classical sense." Unfortunately, scientists will
occasionallyhave a partial di®erential equationwhich doesa fantastic job of
describing the observed smooth solutions, but where physically there seem
to be nonsmooth \solutions" to the samephenomenonor process. Mathe-
maticians have found ways around this di±cult y by generalizingthe notion
of what it meansto solve a partial di®erential equation. We begin with a
motivational example.
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3.1 The wave equation

Supposewe have a rope which is stretched horizontally. Then when it vi-
brates, we can seewaves traveling along the length of the rope. We can
expressthis phenomenonin terms of the following partial di®erential equa-
tion (known as the wave equation) which can be derived using Newtonian
mechanicsand a few approximations,

Vxx = Vtt : (3.1)

In this equation V represents displacement from the horizontal position. If
the initial position or velocity of our rope is not di®erentiable, then we can
observenondi®erentiable wavestravelingon our ropewhenweperformempir-
ical experiments. We canwrite down a mathematical function asan example
of this phenomenon.

U1(x; t) =

8
<

:

0 x ¡ t · ¡ 1
1 ¡ jx ¡ tj ¡ 1 · x ¡ t · 1

0 1 · x ¡ t:
(3.2)

Equation (3.1) does not make sensefor this casesinceU1 is not even once
di®erentiable. Therefore,we needto de¯ne a generalizednotion of solution
to a partial di®erential equation. One attempt at de¯ning a weak solution
might be to demandthat the partial di®erential equationholdswherever the
putativ e solution is su±ciently di®erentiable, and the exampleabove works
with this de¯nition.

The function

U2(x; t) =

8
<

:

0 x ¡ 2t · ¡ 1
1 ¡ jx ¡ 2tj ¡ 1 · x ¡ 2t · 1

0 1 · x ¡ 2t:
(3.3)

would alsobea weaksolution by this de¯nition, however (3.3) is not observed
in nature whereas(3.2) is observed. So this simple attempt at generalizing
the notion of solution fails. In the observed phenomenonthe moving triangle
must travel with a ¯xed speedwhich is not imposedby this de¯nition. In
short the attempt asstated above is too broad: Too many functions become
weaksolutions. In other wordsthere aremoremathematical \solutions" with
this de¯nition, than thereareobservedphysical \solutions." It turns out that
mathematicianshave found a very °exible way of de¯ning solutions (the so-
called \w eak solutions" in the next section) which are typically neither too
broadnor too restrictivefor the purposeof modelingthesephysicalsituations.
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3.2 The formal de¯nition of a weak solution to a par-
tial di®eren tial equation

We would like to state the formal de¯nition of a weak solution to a partial
di®erential equation. This time, we use the wave equation on a rope as
our example, but the idea of how to de¯ne \w eak solutions" to a partial
di®erential equation is very broad, and it will be clear how to extend this
de¯nition to any linear partial di®erential equation from the casewe give
here. For the sake of comparison,we start with the classicalversion of our
partial di®erential equation. We seeka V such that

Vtt = Vxx for all (x; t) 2 IR £ (0; + 1 ) (3.4)

Now assumingthat wehavesuch a V, we let ' beany smooth function which
vanishesoutside a compactsubsetof IR £ (0; + 1 ), and we observe that the
integrals Z

x2 IR

Z

t2 IR+
Vxx ' dtdx &

Z

x2 IR

Z

t2 IR+
Vtt ' dtdx

are both well de¯ned and are obviously equal. Integrating by parts twice on
each integral we concludethat for any ' as above

Z

x2 IR

Z

t2 IR+
' xx Vdtdx =

Z

x2 IR

Z

t2 IR+
' tt Vdtdx (3.5)

for all classical solutions of the wave equation. One can also show that
any twice continuously di®erentiable function V which satis¯es (3.5) for all
' must necessarilybe a classicalsolution of the wave equation. To show
this fact we start with the observation that if our weak solution V is twice
di®erentiable then wecanintegrateeach sideof Equation (3.5) by parts twice
and rearrangeto concludethat such V 's satisfy

Z

x

Z

t
' (Vxx ¡ Vtt ) dtdx = 0 : (3.6)

BecauseV is assumedto be twice continuously di®erentiable, Vxx ¡ Vtt is
continuousin IR £ IR+ . Then supposethere exists(~x; ~t) 2 IR £ IR+ such that
Vxx ¡ Vtt is positive at (~x; ~t). By continuity, Vxx ¡ Vtt is positive in somesmall
rectangleD0 ½ IR £ IR+ containing (~x; ~t). Take ' 2 C1

0(D0) with ' ¸ 0 in
D0 and ' > 0 at the center of D0. Then

Z

x2 IR

Z

t2 IR+
' (Vxx ¡ Vtt ) dtdx =

Z

D 0

' (Vxx ¡ Vtt ) dtdx : (3.7)
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Since ' and Vxx ¡ Vtt are positive in D0, the expressionon the right hand
side of Equation (3.7) is positive, and this fact contradicts (3.6). Thus, we
cansay that Vxx ¡ Vtt is always 0. We summarizewith the following theorem.

Prop osition 3.1. Let V be a continuous function in IR£ (0, + 1 ). Then V
is a classical solution of the waveequation if and only if

V is twice continuously di®erentiable

&

V satis¯es (3.5) for all ' 2 C1
0 (IR £ IR+ ): (3.8)

On the other hand, Equation (3.5) continuesto make sensefor functions
V which are merely integrable, and we can compare the set of functions
satisfying (3.5) for all suitable ' with the set of classicalsolutions of the
wave equation. Functions satisfying (3.5) for all such ' are said to be weak
solutions of the wave equation. In the next sectionwe will show that the set
of weak solutions of the wave equation includes the function U1 de¯ned in
Equation (3.5), and is thereforea broader classof functions than the set of
classicalsolutionsto the wave equation. Unlike our earlier attempt, however,
by this de¯nition, U2 is not a weak solution, which is good, sincethe wave
travels at the wrong speed.

3.3 The wave equation revisited

In this section,wewill show U1 asde¯ned in Equation (3.2) is a weaksolution
of the wave equation. Thus, we substitute (3.5) into (3.2) and then we need
to show that

Z 1

t=0

Z t+1

x= t¡ 1
(1¡ j x ¡ t j)' xx dxdt =

Z 1

t=0

Z t+1

x= t¡ 1
(1¡ j x ¡ t j)' tt dxdt: (3.9)

Becausewecansimultaneouslyshow that U1 is a weaksolution while showing
that U2 is not, we will de¯ne

Uk(x; t) =

8
<

:

0 x ¡ kt · ¡ 1
1 ¡ jx ¡ ktj ¡ 1 · x ¡ kt · 1

0 1 · x ¡ kt:
(3.10)
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and in fact show that Uk is a weak solution if and only if j k j= 1. Let

J1 =
Z 1

t=0

Z kt+1

x= kt¡ 1
(1¡ j x ¡ kt j)' xx dxdt (3.11)

J2 =
Z 1

t=0

Z kt+1

x= kt¡ 1
(1¡ j x ¡ kt j)' tt dxdt: (3.12)

We computeJ1. Let

I 1 ¡ I 2 :=
Z 1

t=0

Z kt+1

x= kt
(kt ¡ x)' xx dxdt (3.13)

I 3 ¡ I 4 :=
Z 1

t=0

Z kt

x= kt¡ 1
(x ¡ kt)' xx dxdt (3.14)

and

I 5 :=
Z 1

t=0

Z kt+1

x= kt¡ 1
' xx dxdt: (3.15)

Then, J1 = (I 1 ¡ I 2) + (I 3 ¡ I 4) + I 5. We simplify (3.13).

I 1 =
Z 1

t=0
kt

Z kt+1

x= kt
' xx dxdt

=
Z 1

t=0
kt (' x (kt + 1; t) ¡ ' x (kt; t)) dt (3.16)

and

I 2 =
Z 1

t=0

Z kt+1

x= kt
x ' xx dxdt

which, by integration by parts, becomes

I 2 =
Z 1

t=0

·
(kt + 1) ' x (kt + 1; t) ¡ kt ' x (kt; t) ¡

µ Z 1

t=0

Z kt+1

x= kt
' x dx

¶ ¸
dt

=
Z 1

t=0
[(kt + 1) ' x (kt + 1; t) ¡ kt ' x (kt; t) ¡ ' (kt + 1; t) + ' (kt; t)] dt:

So,

I 1 ¡ I 2 =
Z 1

t=0
(¡ ' x (kt + 1; t) + ' (kt + 1; t) ¡ ' (kt; t)) dt: (3.17)
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Next, we compute (3.14).

I 3 =
Z 1

t=0

Z kt

x= kt¡ 1
x ' xx dxdt

then by integration by parts, we get

I 3 =
Z 1

t=0

·
(kt' x (kt; t) ¡ (kt ¡ 1)' x (kt ¡ 1; t)) ¡

Z kt

x= kt¡ 1
' x (x; t) dx

¸
dt

=
Z 1

t=0
[kt' x (kt; t) ¡ (kt ¡ 1)' x (kt ¡ 1; t) ¡ ' (kt; t) + ' (k + 1; t))] dt:

Then,

I 4 =
Z 1

t=0
kt

Z kt

x= kt¡ 1
' xx dxdt

=
Z 1

t=0
kt [(' x (kt; t) ¡ ' x (kt ¡ 1; t))] dt

Thus,

I 3 ¡ I 4 =
Z 1

t=0
[' x (kt ¡ 1; t) ¡ ' (kt; t) + ' (kt ¡ 1; t)] dt

Also, we compute (3.15).

I 5 =
Z 1

t=0

Z kt+1

x= kt¡ 1
' xx dxdt

=
Z 1

t=0
[' x (kt + 1; t) ¡ ' x (kt ¡ 1; t)] dt

Therefore,

J1 =
Z 1

t=0
[' (kt + 1; t) ¡ 2' (kt; t) + ' (kt ¡ 1; t)] dt: (3.18)

Next, we computeJ2 using Equation (3.12). Applying Fubini's Theorem
we get

J2 =
Z 1

x= ¡1

Z x +1
k

t= x ¡ 1
k

(1¡ j x ¡ k j)' tt dtdx
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Let

H1 ¡ H2 :=
Z 1

x= ¡1

Z t= x +1
k

t= x
k

(x ¡ kt)' tt dtdx (3.19)

H3 ¡ H4 :=
Z 1

x= ¡1

Z x
k

t= x ¡ 1
k

(kt ¡ x)' tt dtdx (3.20)

and

H5 :=
Z 1

x= ¡1

Z x +1
k

t= x ¡ 1
k

' tt dtdx: (3.21)

SoJ2 = (H1 ¡ H2) + (H3 ¡ H4) + H5. We compute (3.19).

H1 =
Z 1

x= ¡1
x

Z t= x +1
k

x
k

' tt dtdx

=
Z 1

x= ¡1
x

·
' t

µ
x;

x + 1
k

¶
¡ ' t

³
x;

x
k

´ ¸
dx;

and

H2 =
Z 1

x= ¡1

Z t= x +1
k

x
k

kt ' tt dtdx;

so by integration by parts, we get

H2 =
Z 1

x= ¡1

"

(x + 1)' t

µ
x;

x + 1
k

¶
¡ x' t

³
x;

x
k

´
¡

Z t= x +1
k

x
k

k' t dt

#

dx

=
Z 1

x= ¡1

·
(x + 1)' t

µ
x;

x + 1
k

¶
¡ x' t

³
x;

x
k

´

¡ k'
µ

x;
x + 1

k

¶
+ k'

³
x;

x
k

´ ¸
dx:

Thus,

H1 ¡ H2 =
Z 1

x= ¡1
¡ ' t

µ
x;

x + 1
k

¶
+ k'

µ
x;

x + 1
k

¶
¡ k'

³
x;

x
k

´
dx: (3.22)

16



Next

H3 =
Z 1

x= ¡1

Z x
k

t= x ¡ 1
k

kt ' tt dtdx;

and by integration by parts, we get

H3 =
Z 1

x= ¡1

"

x' t

³
x;

x
k

´
¡

µ
x ¡ 1

k

¶
' t

µ
x;

x ¡ 1
k

¶
¡

Z x
k

t= x ¡ 1
k

k' t dt

#

dx

=
Z 1

x= ¡1

·
x' t

³
x;

x
k

´
¡

µ
x ¡ 1

k

¶
' t

µ
x;

x ¡ 1
k

¶
¡

k'
³

x;
x
k

´
+ k'

µ
x;

x ¡ 1
k

¶¸
dx

and

H4 =
Z 1

x= ¡1
x

Z t= x ¡ 1
k

t= x
k

' tt dtdx

=
Z 1

x= ¡1
x

·
' t

³
x;

x
k

´
¡ ' t

µ
x;

x ¡ 1
k

¶¸
dx :

Thus,

H3 ¡ H4 =
Z 1

x= ¡1
' t

µ
x;

x ¡ 1
k

¶
¡ k'

³
x;

x
k

´
+ k'

µ
x;

x ¡ 1
k

¶
dx : (3.23)

Also, we compute (3.21).

H5 =
Z 1

x= ¡1

Z x +1
k

t= x ¡ 1
k

' tt dtdx

=
Z 1

x= ¡1

·
' t

µ
x;

x + 1
k

¶
¡ ' t

µ
x;

x ¡ 1
k

¶¸
dx; (3.24)

and by summingwe obtain

J2 = k
Z 1

x= ¡1

·
'

µ
x;

x + 1
k

¶
¡ 2'

³
x;

x
k

´
+ '

µ
x;

x ¡ 1
k

¶¸
dx: (3.25)
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Considerationof the support of ' allows us to write Equation (3.25) as

J2 = k
Z 1

x= ¡ 1
'

µ
x;

x + 1
k

¶
dx ¡ 2k

Z 1

x=0
'

³
x;

x
k

´
dx + k

Z 1

x=1
'

µ
x;

x ¡ 1
k

¶
dx:

(3.26)
Using the u-substitutions u = x+1

k , u = x
k , and u = x¡ 1

k respectively in the
three integrals in Equation (3.26) we get

J2 = k2
Z 1

u=0
' (ku ¡ 1; u)du ¡ 2k2

Z 1

u=0
' (ku; u)du + k2

Z 1

u=0
' (ku + 1; u)du

(3.27)
Then from (3.18) and (3.27), we can say that

J2 = k2J1;

and sincewe can easily ¯nd a ' that makesJ1 6= 0, and sinceJ1 = J2 is the
requirement for Uk to be a solution, we must have

k § 1:

4 Our comp osite materials problem

We wish to study someof the properties, especially boundson the gradient,
of weak solutions to the following partial di®erential equation in IR2:

div(A(~x)r U) = 0 (4.1)

We assumethat A(~x) is a piecewise-constant matrix-valued function of our
location in the plane. We assumethat for all ~x 2 IR2, A(~x) is a symmetric
positivede¯nite matrix. Finally, wemakesomegeometricassumptionsabout
the \cuts" or curves of discontinuity of A(~x), but before explaining these
assumptionswe explain a little bit of the physical background which might
lead to Equation (4.1).

We examine¯rst a situation consideredby Yanyan Li and Michael Vo-
gelius. (See[LV].) They assumedthat they had a ¯b er-reinforcedcomposite
material with identical cross-sections,that their ¯b ersweresmooth and were
all madeof one material with shearmodulus equal to a0; and that the ma-
trix surrounding the ¯b ers was assumedto have a di®erent and ¯xed shear
modulus which they took to be 1 for convenience. The shearmodulus of a
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material is a positivenumber which, roughly speaking,measuresits strength.
They let u represent the out-of-planeelastic displacement, and by modeling
the situation with the equationsof linear elasticity, they arrive at Equation
(4.1), wherethey have A(~x) = a0I when ~x is in the ¯b er and A(~x) = I when
~x is in the surrounding matrix. In this setting, the most important quantit y
from an engineeringpoint of view is the stress.The questionLi and Vogelius
focusedon was whether or not the stresswould remain pointwise bounded
if the ¯b ers approached each other. This stress is bounded if and only if
the gradient of U remainsbounded,and sotheir questionbecamethe purely
mathematical problem of obtaining good bounds on r U. They answered
this problem by showing that, indeed,with smooth ¯b ers jr Uj is lessthan
a constant depending on the boundary data at every point of the interior of
the domain, but that this constant is independent of the distance between
the ¯b ers.

Webecameinterestedin generalizingthis work after ¯rst author discussed
this problem with Yanyan Li when he had a post-doctoral appointment at
Rutgers. Speci¯cally, we now assumethat we have 4 di®erent materials
with a point commonto their boundaries,and ask if there is a compatibilit y
condition which canbe imposedin the anglesthey meetand/or on their shear
moduli such that the stressremains bounded at this vertex. The simplest
examplemight be a composite in the planewhereeach quadrant had its own
material with shearmoduli a, b, c, and d, as in the ¯gure.

ab

dc

In this caseonecanshow that ac = bdwill leadto solutionswhich necessarily
have pointwise boundedstress. This paper attempts to describe this result
and generalizeit. The ¯rst order of business,however, is simply to establish
compatibilit y conditions satis¯ed by the solution of Equation (4.1) along
the \cuts" of A(~x). Theseconditions are analogsto the condition that the
function Uk(x; t) is not a weak solution of the wave equation unlessjkj = 1.
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4.1 De¯nition of weak solution and compatibilit y con-
ditions

By a weak solution to Equation (4.1) in B1, we will mean a piecewisedif-
ferentiable function U such that for any smooth function ' which vanishes
outside a compactsubsetof B1 we have

Z

B 1

r ' (A(~x)r u)d~x = 0: (4.2)

As in the de¯nition of weak solution to the wave equation, this de¯nition
doesnot imply that the divergenceof A(~x)r U exists, and so lessregularity
is assumedfor weak solutions of (4.1) than for classical solutions. Once
again, however, it is a simple matter to show that wherever div(A(~x)r U) is
continuous, it must equal zero just as in Proposition 3.1. So weak solutions
with enoughregularity are always classicalsolutions. Where r U has jump
discontinuities, it must obey compatibilit y conditions which are analogsof
the \V elocity = 1" condition for our weak solutions of the wave equation.
We turn to the derivation of theseconditions now.

We want to ¯nd compatibilit y conditions for weak solutions of

div(A(x)r U) = 0 in B1

at points where A(x) has jump discontinuities. Before we can begin this
pursuit we needto gather someof the more basicproperties of the equation,
which we do here:

Prop osition 4.1. Supposefor convenience that

A(~x) =
½

a y ¸ 0
b y < 0

Then

(a) Equation (4.1) is Linear

(b) U(x; y) = c0 + c1x is a weak solution of Equation (4.1) for any c0 and
c1 2 IR

(c) If U(x; y) is a weak solution of (4.1) with U(0; 0) = 0, then U² (x; y) =
²¡ 1U(²x; ²y) is also a weak solution of (4.1) for all ²; 0 < ² < 1.
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(d) If Un is a sequence of weak solutions of Equation (4.1) in B1 and Un

convergesto U uniformly in B1 and r Un convergesto r U uniformly
in B1, then U is a weak solution of Equation (4.1)

Pro of.

(a) First item is obviousfor classicalsolutions,and the property of linearity
is preserved when consideringweak solutions simply by observingthe
linearity of the integrals involved.

(b) The seconditem is veri¯ed by direct computation. SinceUx = c1 and
Uy = 0, Equation (4.2) can be written as

I :=
Z

B 1

(' x ; ' y)
µ

A(x)
µ

c1

0

¶¶
d~x:

Then, we compute

I =
Z

B +
1

(' x ; ' y) ¢(ac1; 0)d~x +
Z

B ¡
1

(' x ; ' y) ¢(bc1; 0)d~x

= ac1

Z

B +
1

' xd~x + bc1

Z

B ¡
1

' xd~x

= ac1

ZZ

B +
1

' xdxdy + bc1

ZZ

B ¡
1

' xdxdy:

Since ' vanisheson the boundary of B1, we can concludeafter inte-
grating in the x direction,

I = ac1

Z 1

0
(0 ¡ 0)dy + bc1

Z 0

¡ 1
(0 ¡ 0)dy = 0:

Thus U(x; y) = c0 + c1x is a weaksolution of Equation (4.1) for any c0

and c1 2 IR.

(c) For the third item, we let ~x0 := ²~x so that x0 = ²x , y0 = ²y, and
dA(~x0) = ²2dA(~x). Soit follows that r xV = ²r x0V. Now we cancheck
that U² (x; y) = ²¡ 1U(²x; ²y) = ² ¡ 1U(x0; y0) is a weak solution of (4.1)
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whenever U is. We assume' 2 C1
0(B1) is otherwisearbitrary.

I =
Z

B 1

r ' (~x)A(~x)r U² (x; y)dA(~x)

= ²¡ 1
Z

~x2 B 1

r ~x ' (~x)A(~x)r ~xU(²x; ²y)dA(~x)

= ²¡ 1
Z

~x02 B ²

r ~x ' (²¡ 1~x0)A(²¡ 1~x0)r ~xU(x0; y0)²2dA(~x0)

= ²
Z

~x02 B ²

r ~xÃ(~x0)A(~x0)r ~xU(x0; y0)dA(~x0)

(4.3)

wherein the last equality we usedA(±~x) = A(~x) for any ± > 0, and we
let Ã(~x0) := ' (²¡ 1~x0), so that our function Ã is an arbitrary function
in C1

0(B ² ) ½ C1
0(B1). Continuing with our integration and using the

chain rule estimatesmentioned above we have

I = ²3
Z

~x02 B ²

r ~x0Ã(~x0)A(~x0)r x0U(~x0)dA(~x0) :

Now sinceÃ vanishesoutside B ² , we have

I = ²3
Z

~x02 B 1

r ~x0Ã(~x0)A(~x0)r x0U(~x0)dA(~x0) = 0

where the last equality is due to the original assumption that U is a
weaksolution of Equation (4.1) in B1: Finally weobserveby the original
de¯nition of I , this computation con¯rms that U² must alsobe a weak
solution in B1.

(d) For the fourth item, let ' 2 C1
0(B1). Then

Z

B 1

r ' (A(x)r U)dx

=
Z

B 1

r ' (A(x)(r U ¡ r Un + r Un ))dx

=
Z

B 1

r ' (A(x)(r U ¡ r Un ))dx +
Z

B 1

r ' (A(x)r Un )dx

=
Z

B 1

r ' (A(x)(r U ¡ r Un ))dx
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Next, we would like to estimate
¯
¯
¯
R

B 1
r ' (A(x)r U)dx

¯
¯
¯. By the last

computation it is equal to
¯
¯
¯
R

B 1
r ' (A(x)(r U ¡ r Un ))dx

¯
¯
¯. Then we

can say that
¯
¯
¯
¯

Z

B 1

r ' (A(x)(r U ¡ r Un ))dx

¯
¯
¯
¯

·
Z

B 1

jr ' jjA(x)jjr U ¡ r Un jdx

· max
~x2 B 1

jr ' (~x)j ¢maxf a;bg ¢max
~x2 B 1

jr U(~x) ¡ r Un (~x)j ¢j¼j

· C ¢max
~x2 B 1

jr U(~x) ¡ r Un (~x)j

(4.4)

wherewe note that the constant C is independent of n: Now by com-
bining the last two computations we have

¯
¯
¯
¯

Z

B 1

r ' (A(x)r U)dx

¯
¯
¯
¯ · C ¢max

~x2 B 1

jr U(~x) ¡ r Un (~x)j

By taking the limit on both sidesas n ! 1 we get
¯
¯
¯
¯

Z

B 1

r ' (A(x)r U)dx

¯
¯
¯
¯ · 0

by the uniform convergenceof r Un to r U. Therefore,
Z

B 1

r ' (A(x)r U)dx = 0

and so U is weak solution of (4.1). ¤

At this point, we needonemore result related to the smoothnessof weak
solutionsof Equation (4.1). This fact is due to the regularity theory enjoyed
by solutions of elliptic partial di®erential equations and we state it here
without proof.

Theorem 4.2. With A(~x) asabove, if U(x; y) is a weak solution of Equation

(4.1) in B1, then U is continuous in B1; is real analytic on B +
1 ; and is real

analytic on B ¡
1 .
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(A real analytic function is a function which is equal to its power series,
B +

1 := B1 \ f y > 0g; and B ¡
1 := B1 \ f y < 0g :)

Armed with Theorem(4.2) and Proposition (4.1) we can quickly produce
a necessarycompatibilit y condition satis¯ed pointwise acrossthe jump dis-
continuity of A(~x). We let U+

y and U¡
y denotethe onesidedy-derivativesof

U along the x-axis.

Prop osition 4.3 (Necessary poin twise compatibilit y condition). As-
sume U is a continuous weak solution of Equation (4.1) in B1 with A(~x)
given as in proposition (4.1), then for ¡ 1 < x < 1 we have

aU+
y (x; 0) = bU¡

y (x; 0) : (4.5)

Pro of. By the translation invariancein x alongwith the rescalingproperties
of Equation (4.1), it is clear that it su±ces to prove this result when x = 0.
Sousing Theorem(4.2) we expressour solution U(x; y) as follows

U(x; y) =
½

C0 + C1x + C+
2 y + C11x2 + C+

12xy + C+
22y

2 + ¢¢¢ y ¸ 0
C0 + C1x + C¡

2 y + C11x2 + C¡
12xy + C¡

22y
2 + ¢¢¢ y · 0

Obviously, U+
y (x; 0) = C+

2 and U¡
y (x; 0) = C¡

2 , so we needto show aC+
2 =

bC¡
2 to prove our theorem.
By usingProposition (4.1)(a) and (4.1)(b), we know ~U(x; y) := U(x; y) ¡

C0 ¡ C1x is still a weak solution of Equation (4.1). By proposition (4.1)(c),
~U² (x; y) := ² ¡ 1 ~U(²x; ²y) is still a solution. Now a bit of algebrashows

~U² (x; y) =
½

C+
2 y + ²C11x2 + ²C+

12xy + ²C+
22y

2 + O(²2) y ¸ 0
C¡

2 y + ²C11x2 + ²C ¡
12xy + ²C ¡

22y
2 + O(²2) y · 0;

and ~U² (x; y) = convergesto

~U0(x; y) =
½

C+
2 y y ¸ 0

C¡
2 y y · 0

as ² ! 0. Sincethe convergenceof ~U² to ~U0 is uniform in B1, and sincea
short estimation shows that r ~U² convergesuniformly (and that it converges
to r ~U0), we can now useProposition (4.1)(d) to concludethat ~U0 is a weak
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solution of Equation (4.1). Knowing that ~U0 is a weak solution of Equation
(4.1) allows us to say that for any ' 2 C1

0(B1), we must have

0 =
Z

B 1

r ' (A(x)r ~U0)dA:

On the other hand,
Z

B 1

r ' (A(x)r ~U0)dA

= a
Z

B +
1

(' x ; ' y) ¢(0; C+
2 )dA + b

Z

B ¡
1

(' x ; ' y) ¢(0; C¡
2 )dA

= aC+
2

Z

B +
1

' y dydx + bC¡
2

Z

B ¡
1

' y dydx

= aC+
2

µ
0 ¡

Z

f y=0 g
' (x; 0) dx

¶
+ bC¡

2

µ Z

f y=0 g
' (x; 0) dx ¡ 0

¶

=
¡
¡ aC+

2 + bC¡
2

¢Z

f y=0 g
' (x; 0) dx:

By choosing ' to ensurethat the integral doesnot vanish, we concludethat
aC+

2 = bC¡
2 : ¤

Soof coursewe know now that acrossthe x-axis we must satisfy Equation
(4.5). We now show that for weaksolutionsof Equation (4.1), Equation (4.5)
is the only condition we require on the x-axis.

Prop osition 4.4 (Su±cien t poin twise compatibilit y conditions). Take
A(~x) as above. AssumeU is a continuous piecewisedi®erentiable function
suchthat ¢ U = 0 in B +

1 ; ¢ U = 0 in B ¡
1 , and aU+

y (x; 0) = bU¡
y (x; 0) for all

x 2 (¡ 1; 1). Then U is a weak solution of Equation (4.1).

Pro of. We let ' 2 C1
0(B1) and useGreen's identities and our assumptions
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to compute
Z

B 1

r 'A (x)r Ud~x

= a
Z

B +
1

r ' ¢r Ud~x + b
Z

B ¡
1

r ' ¢r Ud~x

= ¡ a
Z

B +
1

' ¢ Ud~x + a
Z

@B +
1

'
@U
@n

dH 1 ¡ b
Z

B ¡
1

' ¢ Ud~x + b
Z

@B ¡
1

'
@U
@n

dH 1

= a
Z

f y=0 g\ @B +
1

'
@U
@n

dx + b
Z

f y=0 g\ @B ¡
1

'
@U
@n

dx

=
Z

f y=0 g\ @B +
1

' (¡ aU+
y (x; 0))dx +

Z

f y=0 g\ @B ¡
1

' (bU¡
y (x; 0))dx

= ¡
Z

f y=0 g
' (aU+

y )dx +
Z

f y=0 g
' (aU+

y )dx

= 0: ¤

4.2 Applying the compatibilit y conditions to our set-
ting

In the previoussectionwe took A(~x) to equala in the upper half plane and
b in the lower half planesimply for convenience.Obviously we would obtain
a similar compatibilit y condition acrossany linear \cut" of A(~x). If we now
take

A(~x) =

8
>><

>>:

a 0 · µ< ¼
2

b ¼
2 · µ< ¼

c ¼· µ< 3¼
2

b 3¼
2 · µ< 2¼

(4.6)

(with A(0; 0) de¯ned arbitrarily), then except for the behavior at the origin
the following theoremis provenwith the exactsamearguments asProposition
(4.3) and Proposition (4.4).

Theorem 4.5. TakeA(~x) as de¯ned in Equation (4.6), and assumeU(~x) is
a continuous function which is piecewisedi®erentiableand whosederivatives
are bounded. Then U(~x) is a weak solution of Equation (4.1) if and only if

(a) ¢ U = 0 within each open quadrant, and
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(b) U satis¯es the compatibility conditions

(i) aU+
x (0; y) = bU¡

x (0; y) y > 0

(ii) bU+
y (x; 0) = cU¡

y (x; 0) x < 0

(iii) cU¡
x (0; y) = dU+

x (0; y) y < 0

(iv) dU¡
y (x; 0) = aU+

y (x; 0) x > 0:

Pro of. This theoremis obvious exceptfor potential trouble at the origin. In
fact, the necessity of the conditions above follows exactly as before. There-
fore, to prove the theorem, we need only to show that if U satis¯es both
conditions a & b, then U must be a weak solution. So we assumeU(x; y)
satis¯es a & b above and we let ' 2 C1

0(B1) and we want to show
Z

B 1

r ' (A(~x)r U)d~x = 0:

Let Ã(~x) be a function which satis¯es

1) Ã 2 C1(IR2)

2) 0 · Ã · 1

3) Ã ´ 1 on B 1
2

4) Ã ´ 0 outside B 3
4

5) jr Ãj · 4 .

(It is a simple exerciseto construct such a Ã:) We will use this auxiliary
function to separatethe integral into a integral away from the origin which
vanishesfrom our conditions on U exactly as in the previous proposition,
and an integral near the origin, which we will be able to make arbitrarily
small.
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Now observe that for any 0 < ² < 1, we have
Z

B 1

r ' (~x)(A(~x)r U(~x))d~x

=
Z

B 1

r ' (~x)
µ

1 ¡ Ã
µ

~x
²

¶
+ Ã

µ
~x
²

¶¶
A(~x)r U(~x)d~x

=
Z

B 1

r
µ

' (~x)
µ

1 ¡ Ã
µ

~x
²

¶¶¶
A(~x)r U(~x)d~x

+
Z

B 1

r
µ

' (~x)Ã
µ

~x
²

¶¶
A(~x)r U(~x)d~x

=
Z

B 1nB ²
2

r (' ±
² (~x) A(~x)r U(~x)d~x +

Z

B ²

r
¡
' i

² (~x
¢

A(~x)r U(~x)d~x

where

' ±
² (~x) := ' (~x)

µ
1 ¡ Ã

µ
~x
²

¶ ¶

and

' i
² (~x) := ' (~x)

µ
Ã

µ
~x
²

¶¶

The integral over B1 n B ²
2

vanishesafter splitting it into the component
quadrants, using Green'sidentit y, and applying the compatibilit y conditions
on U. This computation is essentially the sameas the computation in the
proof of Proposition (4.3). Sowe are left with the equality

¯
¯
¯
¯

Z

B 1

r ' (~x)A(~x)r U(~x)d~x

¯
¯
¯
¯ =

¯
¯
¯
¯

Z

B ²

r
¡
' i

²

¢
A(~x)r U(~x)d~x

¯
¯
¯
¯

for any ² > 0. On the other hand we can estimate
¯
¯
¯
¯

Z

B ²

r
¡
' i

²

¢
A(~x)r U(~x)d~x

¯
¯
¯
¯

·
Z

B ²

¯
¯r

¡
' i

²

¢̄̄
jA(~x)j jr U(~x)j d~x

· maxf a;b;c;dgmax
x2 B 1

jr U(~x)j max
x2 B ²

¯
¯r

¡
' i

²

¢̄̄
¢¼²2

· maxf a;b;c;dgmax
x2 B 1

jr U(~x)j ¢(C ¢² ¡ 1) ¢¼²2

= C² max
x2 B 1

jr U(~x)j
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Sincewe have assumedr U is bounded,and since² can be arbitrarily small,
we must have ¯

¯
¯
¯

Z

B 1

r ' (~x)(A(~x)r U(~x))d~x

¯
¯
¯
¯ = 0

which provesthe theorem. ¤

4.3 Synthesis of previous results

We can now use Theorem (4.5) and what we know about the separated
solutionsof Laplace'sEquation to attempt to constructa family of orthogonal
solutionsto Equation (4.1). Weareparticularly interestedin con¯rming three
properties of any family we ¯nd:

1. Is the family orthogonal, and if yes,what is the correct notion of dot
product for this orthogonality? In other words, is there an analogueof
Equation (2.2)?

2. Is the family complete?In other words, is therean analogueof Theorem
(2.1)?

3. Do all of the solutions in our family have boundedgradients near the
origin?

In the casewhere ac = bd, we have the following family of solutions
obtained by \glueing" together the r n cosnµ and r n sinnµ functions in a way
which satis¯esthe compatibilit y conditions. Wede¯ne the following functions
for j ¸ 0 :

©1;j (r; µ) :=
½

c [r 2j +1 cos((2j + 1)µ)] ¡ ¼=2 · µ · ¼=2
d [r 2j +1 cos((2j + 1)µ)] ¼=2 · µ · 3¼=2

©2;j (r; µ) :=
½

c [r 2j +1 sin((2j + 1)µ)] 0 · µ · ¼
b [r 2j +1 sin((2j + 1)µ)] ¼· µ · 2¼

©3;j (r; µ) :=
·
r 2j cos(2j µ)

¸

©4;j (r; µ) :=

8
>><

>>:

a¡ 1 [r 2j sin(2j µ)] 0 · µ < ¼=2
b¡ 1 [r 2j sin(2j µ)] ¼=2 · µ < ¼
c¡ 1 [r 2j sin(2j µ)] ¼· µ < 3¼=2
d¡ 1 [r 2j sin(2j µ)] 3¼=2 · µ < 2¼:
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It follows by Sturm-Liouville theory that the set above is complete,and by
inspection it is clear that the gradients are all bounded in B1: A long but
elementary computation shows that the functions ©i;j (1; µ) are orthogonal in
L2(S1; A(1; µ) dµ); and it is alsosimple to show that

div (A(r; µ)r ©i;j ) = 0 :

The spaceL 2(S1; A(1; µ) dµ) is exactly like the spaceL 2(S1); except that
instead of asking that functions satisfy

Z 2¼

0
f (µ)2 dµ < 1 ;

we require Z 2¼

0
f (µ)2 A(1; µ) dµ < 1 :

Of coursesincethe constants a; b; c; and d are positive constants bounded
away from 0 and 1 ; it is clear that the functions in L 2(S1; A(1; µ) dµ) are
the sameas the functions in L 2(S1) : On the other hand, in this space,the
dot product betweentwo functions, f and g is de¯ned by

f ¢g :=
Z 2¼

0
f (µ)g(µ) A(1; µ) dµ ;

so the \geometry" of thesefunctions is di®erent.
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