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Differential Equations - MATH 240, Spring 2007
Final Exam, May 9, 2007
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Show all your work in the space provided under each question. Each problem is worth
10 points.

1. Find the general solution to
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2. Use the improved Euler method with stepsize 1 to estimate y(2) for the initial
value problem.
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3. The number P(t) (measured in thousands) of pigeons in a city is described by the

equation
dP

dt
(a) Find the equilibrium points.
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(b) Draw several trajectories. Include in your graph the critical points and label the
threshold and carrying capacity.

Cpeo M0 [0-4) > L) P e
Cocpany A =-) ~- Pae

WP Q% 3 - ~ (W) = # P b
AR S ‘L’k\//
Copucity

neegnol by

\~

. O — —_—
1/’/////
/

(c) Classify each critical point as stable or unstable.
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(d) In an attempt to eradicate the pigeon population, the city attempts to reduce their
numbers to the level at which reproduction becomes difficult and the population
declines. What is the maximum size population which will die out? Explain your
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4. Rewrite as a system and use the Euler method with stepsize h = .5 to estimate

z(1) for the initial value problem
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5. Find the general solution.
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6. Solve the initial value problem

" +6z' +5xr=26(t—-1) z(0)=-3, z'(0)=0.
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7. Find the general solution.
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8. A mass of 4 kg is attached to a spring which causes the spring to stretch 9.8 m. After
coming to equilibrium, the mass is given an initial displacement of 1 m. There is no
damping. What initial velocity should be given to the mass so that the amplitude
of the resulting motion is 4m ? Take g = 9.8 ol
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9. Solve y" +2zy =0, y(0) =0, %'(0) = 1 using power series. Find the recurrence
relation and the first three nonzero terms of the series solution.
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10. Consider the differential equation
2(z — 2)*y" + 3zy + (z — 2)y = 0.

(a) Find the ordinary points and the singular points of this differential equation.

B

N L H IS
7 2y It T2\ 7 9

£2 L1 b onbay Sgalan, pourt
A ot powds o ordinawy povits.

(b) Classify each singular point you found in (a) as a regular singular point or an
irregular singular point.
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(c) It is desired to solve this equation using a power series centered at z = 10. Give a
lower bound for the radius of convergence of such a power series solution.
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11. Find a Frobenius series solution corresponding to the larger root of the indicial
equation of the differential equation

2.1

2z°y" — 2y’ + zy = 0.
Give at least three nonzero terms in the series.
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12. (a) Find the Taylor polynomial of —L— s +2 around z = 0. What is its radius of

convergence?
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(b) Find the Taylor series for (1 + z)e® about z = 0.
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13. Consider the differential equation
mz" +cx' +kz=0 z(0)=0 2/(0)=1
which describes a mass-spring-damping system. Here m,c, and k are all positive.

(a) Suppose that the system is underdamped. What can you say about the location
of the poles of £ in the complex plane?
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(b) Suppose that the system is critically damped. What can you say about the locatlon
of the poles of £ in the complex plane?
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(c) Suppose now that ¢ = 0. What can you say about the location of the poles of £
in the complex plane?
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14. (This problem is worth 20 points.) Match the graphs to the equations. In each
graph the horizontal axis ranges from 0 to 20 and the vertical axis ranges from -10

to 10.
1. 2" + z = cost z(0) =0 £(0)=0 Ttsgraphis (3
2. 2" + 16z =0 z(0)=0  2/(0)=30 Itsgraphis H
3.2 +2=0 z(0) =10 2/(0)=0 TItsgraphis G
4. 52" + 2/ + 10z =0 z(0) =10 2/(0)=0  Itsgraphis &
5. 2"+ =0 z(0)=0  2(0)=9  Itsgraphis_ D
6. 52" + 2’ + 10z = 0 z(0) =0 £'(0) =10 Its graphis _F
7.2"+42' + 3z =0 z(0)=10 2/(0)=0 Itsgraphis E
8. 2" 4+ 49z = 10cos Tt z(0) =0 z'(0)=0  Itsgraphis _<
9. 2" +10z' + 32 =0 z(0) =0 z'(0) =100 Its graphis _J.
10. 2" + 400z = 200cos 18t z(0) =0  2/(0)=0  Itsgraphis L
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