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� k is an algebraically closed �eld of
characteristic p � 3

� G = SL 2(k)

� F : G ! G the Frobenius map

� G1 is the �rst Frobenius kernel

� X + = N is the set of dominant weights
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� L (� ) is the simple G-module of highest
weight � 2 X +

� r (� ) is the induced module for G of
highest weight � 2 X +

� �( � ) = r (� ) � is the Weyl module for G of
highest weight � 2 X +

� Mod(G) is the category of rational
G-modules and mod(G) is the category of
�nite dimensional G-modules
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Theorem 1. For a � b, 0 � i � p � 2 and
m 2 N we have

Ext m
SL2(k ) (�( pb+ p � i � 2); �( pa + i ))

�= Ext m � 1
SL2(k ) (�( pb+ p � i � 2); �( pa � i � 2))

� Ext m
SL2(k ) (�( b); �( a � 1))

where Ext � 1 is interpreted as the zero module,

Ext m
SL2(k ) (�( pb+ i ); �( pa + i ))

�= Ext m
SL2(k ) (�( i ); �( p(a � b) + i ))

�= Ext m � 1
SL2(k ) (�( i ); �( p(a � b) � i � 2))

where the last isomorphism follows ifm � 1
and

Ext m
SL2(k ) (�( pb+ p � 1); �( pa + p � 1))

�= Ext m
SL2(k ) (�( b); �( a)) :
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Let W 2 mod(G) and take a G (co)resolution

0 ! W ! I 0
� 0�! I 1

� 1�! I 2
� 2�! I 3

� 3�! � � �

with I j 2 Mod(G) injective as a G1-module.

Then take a G=G1-injective resolution of the
trivial module k.

0 ! k ! J0
@0�! J1

@1�! J2
@2�! J3

@3�! � � �
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We then form the double complex

E mn
0 = Hom G=G 1(k; HomG1(V; In ) 
 Jm )

...
...

...

E 02
0

d1 //

d0

OO

E 12
0

d1 //

d0

OO

E 22
0

d1 //

d0

OO

� � �

E 01
0

d1 //

d0

OO

E 11
0

d1 //

d0

OO

E 21
0

d1 //

d0

OO

� � �

E 00
0

d1 //

d0

OO

E 10
0

d1 //

d0

OO

E 20
0

d1 //

d0

OO

� � �

with d0 = ( � 1)m � �
n , d1 = @�

m , d2
1 = 0, d2

0 = 0
and d1d0 + d0d1 = 0.
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Since theE1 page is the homology of theE0

page with respect tod0 we get

E mn
1 = Hom G=G 1(k; Ext n

G1
(V; W) 
 Jm ):

We also get theE2 page which is the homology
of the E1 page with respect to the di�erential
induced by d1.

E mn
2 = H m (G=G1; Ext n

G1
(V; W)) :
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To identify what the E1 page is we note that

HomG=G 1(k; HomG1(V; In ) 
 Jm )

�= ((V � 
 I n )G1 
 Jm )G=G 1

�= ((V � 
 I n 
 Jm )G1)G=G 1

�= (V � 
 I n 
 Jm )G

�= HomG (V; In 
 Jm )

as Jm is trivial as a G1-module.
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Also note that

Ext q
G (V;In 
 Jm )

�= Ext q
G=G 1

(k; HomG1(V; In ) 
 Jm )

�= 0

if q � 1, as I n is injective as aG1-module and
Jm is injective as aG=G1-module.

So the modulesI n 
 Jm are injective as
G-modules and thus the total homology of the
double complex is Ext�G (V; W).

Thus we have a spectral sequence that
converges to Ext�G (V; W).
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Take a, b, i and j 2 N with 0 � i � p � 2 and
0 � j � p � 2. We de�ne �{ = p � 2 � i and
similarly �| = p � 2 � j .

The simplesL(i ) and L(�{) are in the same
G1-block.

The two weights pa+ i and pb+ j will be in the
sameG block if i = j and a � b is even or if
i = �| and a � b is odd.

Two Steinberg weightspa + p � 1 and
pb+ p � 1 will be in the sameG block if and
only if a and b are in the sameG block.
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The G1-injective hull of L (i ), denoted Q(i ), is
isomorphic to the tilting module T(p + �{).

We have short exact sequences

0 ! �( pa + i ) ! �( a � 1)F 
 Q(�{)

! �( p(a � 1) + �{) ! 0

and

0 ! �( a � 1)F 
 L (�{) ! �( pa + i )

! �( a)F 
 L (i ) ! 0
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We have

0 ! �( pa + i ) �! I 0
� 0�! I 1

� 1�! I 2
� 2�! � � �

with

I m
�=

8
>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>:

�( a � m � 1)F 
 Q(i )

if m odd and m � a � 1

�( a � m � 1)F 
 Q(�{)

if m even andm � a � 1

r (m � a)F 
 Q(�{)

if m odd and m � a

r (m � a)F 
 Q(i )

if m even andm � a
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We de�ne M m = ker � m . We have

M m
�=

8
>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>:

�( p(a � m) + �{)

if m odd and m � a � 1

�( p(a � m) + i )

if m even andm � a � 1

r (p(m � a) + �{)

if m odd and m � a

r (p(m � a) + i )

if m even andm � a

13



We can write down HomG1(�( pb+ i ); I m ) and
HomG1(�( pb+ i ); M m ) explicitly.

In particular,

HomG1(�( pb+ i ); I n ) �= HomG1(�( pb+ i ); M n )

if n odd and n � a � 1 or if n even andn � a.

Thus the induced di�erential � �
n on the HomG1

complex is zero in the above cases.

So we have that the di�erential
d0 : E m;n

0 ! E m;n +1
0 is zero for n odd and

n � a � 1 or for n even andn � a.
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We may also calculate

Ext n +1
G1

(�( pb+ i ); �( pa + i ))

�= Ext 1
G1

(�( pb+ j ); M n )

We �nd that this group is zero if n is odd and
n � a � b� 2 or if n even andn � a � b� 1. So
we know that

E m;n +1
1 =

HomG=G 1(k; Ext n +1
G1

(�( pb+ i ); �( pa + i )) 
 Jm )

is zero for n odd and n � a � b� 2 or for n
even andn � a � b� 1.
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But since E m;n +1
1 is the homology at E m;n +1

0

with respect to d0 we must have that the kernel
of d0 : E m;n +1

0 ! E m;n +2
0 is the image of

d0 : E m;n
0 ! E m;n +1

0 which is zero for n odd
and n � a � b� 2 < a � 1.

Thus the map d0 : E m;n +1
0 ! E m;n +2

0 is an
embedding, forn odd and n � a � b� 2. Note
this is independent of m.

We now calculated2 : E m;n
2 ! E m +2 ;n � 1

2 .
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We have E m;n
l +1 = H (E m;n

l ; dl ).

Let x be in E m;n
0 and [x]l represent the class of

x in E m;n
l , which is a subquotient of E m;n

l � 1 .

The d0
l s may be thought of in the following way:

d1([x]1) = [ d1x]1

d2([x]2) = [ d1(d0) � 1d1x]2

d3([x]3) = [ d1(d0) � 1d1(d0) � 1d1x]3

...
...

...

dl ([x]l ) = [( d1(d0) � 1) l � 1d1x]l

These are well de�ned as the condition [x]l 2 E l

implies that ( d1d0) l � 2d1x is in im d0. And if
(d1d0) l � 2d1x is zero then so is (d1d0) l � 1d1x.
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...
...

...
...

¢ ¢ ¢ //E m;n
0

d1 //

d0

OO

E m +1 ;n
0

d1 //

d0

OO

E m +2 ;n
0

d1 //

d0

OO

E m +3 ;n
0

d1 //

d0

OO

¢ ¢ ¢

¢ ¢ ¢ //E m;n ¡ 1
0

d1 //

d0

OO

E m +1 ;n ¡ 1
0

d1 //

d0

OO

E m +2 ;n ¡ 1
0

d1 //

d0

OO

E m +3 ;n ¡ 1
0

d1 //

d0

OO

¢ ¢ ¢

¢ ¢ ¢ //E m;n ¡ 2
0

d1 //

d0

OO

E m +1 ;n ¡ 2
0

d1 //

d0

OO

E m +2 ;n ¡ 2
0

d1 //

d0

OO

E m +3 ;n ¡ 2
0

d1 //

d0

OO

¢ ¢ ¢

...

d0

OO

...

d0

OO

...

d0

OO

...

d0

OO

18



We have

dm,n
2 [x]2 = [ d1d� 1

0 d1x]2

Now since [x]2 2 E2, d1x = d0z for some
z 2 E m+1 ,n� 1

0 . Thus

[d1d� 1
0 d1x]2 = [ d1d� 1

0 d0z]2:

So if the map dm+1 ,n� 1
0 is zero then so isdm,n

2 .
And so will any subsequentdl's.

Now

dm,n
2 [x]2 = [ d1d� 1

0 d1x]2 = [ d1z]2:

So if dm+2 ,n� 1
0 is an embedding, we have

d1z = 0 if and only if d0d1z = 0 which is zero if
and only if � d1d0z = 0. But
d1d0z = d1d1x = 0. Thus d1z = 0 and dm,n

2 is
zero. And so will any subsequentdl's.
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Now dm,n
l for l � 2 is zero if E m,n

2 is. We have

E m,n
2 = H m(G=G1; Ext n

G1
(�( pb+ i ); �( pa + i ))

=

8
>>>>>>>><

>>>>>>>>:

Ext m
G (k; �( a � n � b� 1))

if n odd and n � a � b� 1

Ext m
G (k; r (n � a � b))

if n even andn � a � b

0 otherwise

=

8
>>>>><

>>>>>:

Ext m
G (k; �( a � n � b� 1))

if n odd and n � a � b� 1

k if n even,n = a � b and m = 0

0 otherwise.

Thus the only d2 left to show is zero is
d0,n

2 : E 0,a� b
2 ! E 2,a� b� 1

2 , but now
d0 : E 1,a� b� 1

0 ! E 1,a� b
0 is zero and the same

argument as before shows thatd0,n
l for l � 2 is

zero.
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Hence all thedl's for l � 2 are zero. Thus the
E2 page is the same as theE1 page.

We may argue is exactly the same way to show
that the dl's for l � 2 for the spectral sequence
corresponding to ExtqG(�( pb+ �{); �( pa + i ))
are also zero and that theE2 page is the same
as the E1 page.
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...

0 ¢ ¢ ¢

k 0 ¢ ¢ ¢

Hom G( k; ¢(0)) 0 0 ¢ ¢ ¢

0 0 0 ¢ ¢ ¢

Hom G( k; ¢(2)) Ext 1
G( k; ¢(2)) 0 ¢ ¢ ¢

0 0 0 ¢ ¢ ¢

Hom G( k; ¢(4)) Ext 1
G( k; ¢(4)) Ext 2

G( k; ¢(4)) ¢ ¢ ¢

0 0 0 ¢ ¢ ¢ 0 ¢ ¢ ¢

Hom G( k; ¢(6)) Ext 1
G( k; ¢(6)) Ext 2

G( k; ¢(6)) ¢ ¢ ¢

...
...

...
. . .

...
...

0 0 0 ¢ ¢ ¢ 0 ¢ ¢ ¢

Hom G( k; ¢( a¡ b¡ 2)) Ext 1
G( k; ¢( a¡ b¡ 2)) Ext 2

G( k; ¢( a¡ b¡ 2)) ¢ ¢ ¢ Ext m
G ( k; ¢( a¡ b¡ 2)) ¢ ¢ ¢

0 0 0 ¢ ¢ ¢ 0 ¢ ¢ ¢

The E2 page for Ext q
G (¢( pb+ i ); ¢( pa + i )).
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...

0 ¢ ¢ ¢

k 0 ¢ ¢ ¢

Hom G( k; ¢(0)) 0 0 ¢ ¢ ¢

0 0 0 ¢ ¢ ¢

Hom G( k; ¢(2)) Ext 1
G( k; ¢(2)) 0 ¢ ¢ ¢

0 0 0 ¢ ¢ ¢

Hom G( k; ¢(4)) Ext 1
G( k; ¢(4)) Ext 2

G( k; ¢(4)) ¢ ¢ ¢

0 0 0 ¢ ¢ ¢

Hom G( k; ¢(6)) Ext 1
G( k; ¢(6)) Ext 2

G( k; ¢(6)) ¢ ¢ ¢

...
...

...
. . .

0 0 0 ¢ ¢ ¢

Hom G( k; ¢( a¡ b¡ 3)) Ext 1
G( k; ¢( a¡ b¡ 3)) Ext 2

G( k; ¢( a¡ b¡ 3)) ¢ ¢ ¢ Ext m
G ( k; ¢( a¡ b¡ 3))

0 0 0 ¢ ¢ ¢ 0

Hom G(¢( b) ;¢( a¡ 1)) Ext 1
G(¢( b) ;¢( a¡ 1)) Ext 2

G(¢( b) ;¢( a¡ 1)) ¢ ¢ ¢ Ext m
G (¢( b) ;¢( a¡ 1))

The E2 page for Ext q
G (¢( pb+ ¹{); ¢( pa + i )).
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We get similar results for other Ext groups.

Theorem 2. For a 2 N, 0 � i � p � 2, q 2 N
and N 2 mod(G) we have

Ext q
G (N F 
 L (i ); �( pa + i ))

�=
M

n odd

0� n � min f q;a� 1g

Ext q� n
G (N; �( a � n � 1))

�
M

n even

a� n � q

Ext q� n
G (�( n � a); N � )

Ext q
G (N F 
 L (�{); �( pa + i ))

�=
M

n even

0� n � min f q;a� 1g

Ext q� n
G (N; �( a � n � 1))

�
M

n odd

a� n � q

Ext q� n
G (�( n � a); N � )
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Corollary 3. For a � 1, 0 � i � p � 2, q 2 N
and N 2 mod(G) we have

Ext q
G (N F 
 L (i ); �( pa + i ))

�= Ext q� 1
SL2 (k ) (N

F 
 L (i ); �( p(a � 1) + �{))

Ext q
SL2 (k ) (N

F 
 L (i ); �( pa + �{))

�= Ext q� 1
SL2 (k ) (N

F 
 L (i ); �( p(a � 1) + i ))

� Ext q
SL2 (k ) (N; �( a � 1))

where Ext � 1 is interpreted as the zero module
and

Ext q
SL2 (k ) (N

F 
 L (p � 1); �( pa + p � 1))

�= Ext q
SL2 (k ) (N; �( a)) :
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Theorem 4. Let M be in mod(G), b 2 N and
0 � i � p � 2 then

Ext q
G (�( pb+ i ); M F 
 L (i ))

�=
M

n even

0� n � q

Ext q� n
G (�( n + b); M )

Ext q
G (�( pb+ i ); M F 
 L (�{))

�=
M

n odd

0� n � q

Ext q� n
G (�( n + b); M )
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Corollary 5. For b 2 N, 0 � i � p � 2, q 2 N
M 2 mod(G) we have

Ext q
G (�( pb+ i ); M F 
 L (i ))

�= Ext q� 1
SL2 (k ) (�( p(b+ 1) + � {); M F 
 L (i ))

� Ext q
SL2 (k ) (�( b); M )

Ext q
SL2 (k ) (�( pb+ i ); M F 
 L (�{))

�= Ext q� 1
SL2 (k ) (�( p(b+ 1) + � {); M F 
 L (�{))

where Ext � 1 is interpreted as the zero module
and

Ext q
SL2 (k ) (�( pb+ p � 1); M F 
 L (p � 1))

�= Ext q
SL2 (k ) (�( b); M ):
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Theorem 6. Let N and M be in mod(G) and
0 � i � p � 2. Then

Ext q
G (N F 
 L (i ); M F 
 L (i )))

�=
M

n even

0� n � q

Ext q� n
G (N; r (n) 
 M )

Ext q
G (N F 
 L (i ); M F 
 L (�{)))

�=
M

n odd

0� n � q

Ext q� n
G (N; r (n) 
 M )
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