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e g a finite dimensional (simple) Lie algebra
with a non-degenerate g—invariant bilinear
form (, )

regxg

e Classical Yang-Baxter Equation for r:

[7“12,7“13] + [7’12,7“23] + [7”13,7“23] — 0.

A solution r to the classical Yang-Baxter
equation is called a classical r—matrix (or
simply an r—matrix).

e r iS called non-degenerate if it satisfies:

P12 -+ r2l == 0.



BELAVIN-DRINFELD CLASSIFICATION:

The Setup

e g simple Lie algebra

o Qe (gg)? corresponding to the quadratic
Casimir

e b fixed positive Borel

e h C b Cartan subalgebra

e A C hH* roots

o [ ={aj,an, - ,an}t a basis for A

o { X, Y, Hola € T} Weyl-Chevalley genera-
tors



e (I'1,I >, 7) admissible triple (Belavin - Drin-
feld triple) if:

1., Ccland 7:11 — > is a bijection;

2. forany a, 8 €T, (7(a), 7(8)) = (o, B);
3. for any a € '] there exists a k € N such
that 7%(a) & 1.

Let (1,5, 7) be an admissible triple.

e g; the subalgebra of g generated by {Xq, Yo, Ha}
ael;.

(0(Xa) = X (o)
e p:g1— g2 | P(Ya) Yia) €T
p(Ha) = Hi(y)

extends (uniquely) to an isomorphism ¢ : g1 — go




e Extend 7 to 7: {1 — >, where
[; = nonnegative integral span of I'; in A

e Choose a basis {eq|a € A} for non-Cartan
g:

1. eq € go fOr each qa;
2. (eq,e_q) =1 for any «;
3. pleq) = ex(q) TOr all a € [

e Partial order on AT:

a < B if and only if 3k € N such that 8 = 7(a)

If o < 3, then necessarily a € M1,8 € INo.



BELAVIN-DRINFELD CLASSIFICATION:

The Theorem

1. If rg € h ® b satisfies
ro” 4+ ro”t = Qo (1)

(7(a) ® 1)(ro) + (1®a)(ro) =0 (ael) (2)
then r € g ® g defined by:

r=ro+» ea®eat Y (ca®ez—ez@ea)
a>0 a,3>0,a<p

IS a solution to the system:
12 4 2l — o
[7“12,7“13] + [7“12,7“23] _I_ [7“13,7“23] —0

2. Any solution to this system can be ob-
tained as above from some admissible triple
(M ,M>,7) and some rg € h®h that satisfies
Equations 1 and 2, by choosing a suitable
triangular decomposition of g and a set of
Weyl-Chevalley generators.



Objective: To develop a similar theory for super
structures.

e A Lie superalgebra is a superalgebra g =
g5De1 Where the algebra operation is called

a super bracket, denoted by [-, ], and sat-
isfies the following conditions:
1. [g1,92] = —(—1)le:lll[g5, g1];

2. (—1)lelle=l[[gy, go], g3] + (—1)Iel19:1[[ g2, ga], g1]+

(—1)leslle=l[[g3, g1], 92] = O

where each g; is homogeneous of parity |g;|.

e Main example:

st(m,n) = {A € gl(m,n)|str(A) = 0}



e g = gg ©® g7 simple Lie superalgebra with
nondegenerate Killing form (-,-)

o Qc (g®g)? corresponding to the quadratic
Casimir

e h C g a Cartan subsuperalgebra (h C gg)

e A = Aj+ A roots of g associated with b

e b D h a Borel subsuperalgebra (b = h &
@aeA‘f‘ 904)

o [ ={aj,an,- - ,an} a basis for A

o {Xa,Yn, Hola € T} Weyl-Chevalley genera-
tors



Technical Lemma

Let g be a simple Lie superalgebra with non-
degenerate Killing form (-,-). Let 2 € (g®
g)? be the element corresponding to (-,-). Let
f:g— g be an even linear map, and set r =
(fe 1)

Then the system of equations:
12 4+ 2l — o
[7“12,7“13] + [7“12,7“23] + [7‘13,7°23] —0
IS equivalent to the system:
f+r=1
(f = DIf (=), f)] = fUUS = 1)(=), (f = 1))

where f* stands for the adjoint of f with re-
spect to (-,-).



e (I"'1,I»,7) admissible triple (Belavin - Drin-
feld triple) if:

1., Cl and 7:11 — > is a bijection;

2. forany a, 81, (7(a),7(8)) = (o, B);

3. for any a € '] there exists a k£ € N such
that 7%(a) ¢ I'1.

4. T preserves the grading of the root space.

Let (IF'1,M>,7) be an admissible triple.

e g, the subalgebra of g generated by { Xa, Yo, Ha}
ael;.

(SO(XOé) — XT(a)
e pigr —g2: | P(Ya) Yia) (@€l)
(p(Ha) = Hi()

extends (uniquely) to an isomorphism ¢ : g1 — go




e Extend 7 to 7: {1 — >, where
[; = nonnegative integral span of I'; in A

e Choose a basis {eq|a € A} for non-Cartan
g:

1. eq € go fOr each qa;
2. (eq,e_y) =1 for any a € AT;
3. pleq) = ex(q) TOr all a € [

e Partial order on AT:

a < B if and only if 3k € N such that 8 = 7(a)

If o < 3, then necessarily a € M1,8 € INo.



THEOREM:

Let 7o € h ® h satisfy:
rol2 4+ 12! = Qg

(T(a) @ 1)(rg) + (1 ®a)(rg) =0 for all a € My
Then the element r of g ® g defined by:

r :7’O+Z€—a®eo¢+ Z (6_a®65—(—1)|a|65®6—a)

a>0 a,3>0,a<0

IS a solution to the system:
r —l_ Ts('r') — Q

[7“12,7“13] + [7“12,7“23] + [7‘13,7“23] —0



Examples: g = sl(2,1)

o Ag={e1—ex,e0—€1} Ay ={e1—A1,e2—
A1, A1 — €1, A1 — €2}
where ¢; is the (restriction to the Cartan
subalgebra of si(2,1) of the) standard ba-
Sis: 62(E9k> = 52357]{, and A\{ = e3. Set a1 =
€1 —€> and ap = e> — 1.

e SiX possible Dynkin diagrams D and siX
possible bases [ ::

1. F(D1) ={a1, a2}

2. N'(Dy) ={a1 + ap,—as}. (obtained from
D1 via 0'a2)

3. N(D3) ={—aj—ap,a1}. (obtained from
D»> via 0a1+a2)

4. T(Dg) = —T(D1) = {—a1,—as}.

. T(Ds) = - (D2) ={—a1—az,az}. (ob-

tained from Dy via 0_q,)

6. N(De) = —T(D3) = {ar1+az, —az}. (ob-

tained from Ds via 0_q;—a5)

ol



The Standard r-matrix

correspondstolh{ =l =9, 7=0

1. Tst(Dl) —T0 -|— (E21 024 E12) ‘|‘ (E32 024 E23) +
(E31 ® F13)

2. rst(Do) =rg+ (E21 ® E12) — (E23 ® E32) +
(E31 ® F13)

3. rst(D3) =rog+ (E21 ® E12) — (F23® E32) —
(F13 ® E31)

4. r5¢t(Dg) = 1o+ (F12 ® E21) — (E23 ® E32) —
(E13® E31)

5. rst(Ds) = rg+ (F12® E21) + (E32 ® Eo3) —
(E13 ® E31)

6. r5t(Dg) =10+ (F12 QR E>1) + (E3>® Er3) +
(E31 ® F13)

All these r-matrices are related to one another
via (even or odd) reflections.



Nonstandard r-matrices nontrivial 7: using di-

agrams D5 and Ds.

e Dy: Iy ={ay+az}, M= {-az},

(a1 + az)= —ax:

rnsy = Tst(D2)+((E31 ® E32) + (E32 ® E31))
e Ds: 'y ={an}, Mo ={—a1 — a2},

T(a2)= —a1 — ay:

rnsy = Tst(Ds)+((E32 ® E31) + (E31 ® E32))
¢ Do 7(—ap) = a1 + as:

Tnss = Tst(D2)+(—E23®F13)+(—E13®FE23),
¢ Dg: 7(—a1 —an) = as:

sy = Tst(Ds5)+(—FE13Q0F23)+(—FE23®F13).

Upto isomorphism and super twist = unique
nonstandard r.



Question: Can we construct all r—matrices this
way?

e On g=sl(2,1) define a linear map by:
f(E11+ E33) =0 f(E22 + E33) = Exo + Es3

f(E21) =0 f(E12) = E1»
f(E23) =0 f(E13) = E13
f(E31) = —FE13 f(E32) = E>3 + E3o

o If r(f) = (f ® 1), we get:
r(f) = ro+ Fi12® E21 — F13® E31

+ E3>® Eo3z — F13® 13+ E23 ® Eo3

where ro = (= Fa — E33) ® (F11 + E33).

o Im(f) and Im(f — 1) will never be simul-
taneously isomorphic to root subsuperalge-
bras. The corresponding subsuperalgebras
for functions constructed by the theorem
will always be root subsuperalgebras.



