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I. Introduction

GG - a simple simply connected algebraic group scheme defined and
split over the field IF, with p elements, considered as a group scheme
over

k - the algebraic closure of IF),

G, - the 7th Frobenius kernel (G, = ker " : G — G1)
® - root system

O - positive roots

®~ - negative roots

A - simple roots

T' - maximal split torus

B - Borel subgroup corresponding to the negative roots
U - unipotent radical of B

X (T) - weights

X(T);+ - dominant weights
INe X(T) : (\a’)>0foral ae A}

X, (T) - p"-restricted weights
INeX(T) : 0< (N ) <p foralla € A}

h - the Coxeter number of G

W - the Weyl group



G-modules:

Simples: L(A) for A € X(T)+

Induced: H'(\) = ind§ X for A € X (7).
A - denotes the one dimensional B-module with trivial U action
G-socle of HY(\) is L()\)

Alternate notation: H'(G/B, L(\)) or V()

Motivating Theorem:
(Andersen-Jantzen 1984, Kumar-Lauritzen-Thomsen 1999)

Suppose p > h, v € X(T),, w € W, and w-0+py € X(T)..
Then
H'(Gy, H(w - 0 + py))

~ {indg (St 2y* g ’y)(l) if i — f(w) is even,

0 otherwise

where u = Lie(U).

Questions:

(1) What about small primes?

(2) What about G, for r > 17
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Answers:
Andersen-Jantzen (1984) -p=h,p=h —1, Gy for p =3

(the generic answer does not always hold)

Andersen (1987) - observed that H'(G,, H’()\)) can be computed
from the G-results

Jantzen (1991) - HY(Gy, H(\)) for all A € X(T), and all primes p.
Strategy:
o H'(Gy, H'(\)) = indG(H'(By, )1

o H'(By, \) = (H(Uy, k) @ A

o H'(Uy, k) = H(u, k)

Bendel-Nakano-Pillen (2004, current):
o H'(G,, H())) for all primes and all r

o H*(G,, H°(\)) for p > 3 and all r

Note. H*(Gy, M) = H*(u(g), M) for g = Lie(G) is the set of
equivalence classes of central extensions of restricted Lie algebras:
00— M—b—g—0.



Ordinary Lie algebra cohomology:

H®(u, k) is the cohomology of the complex

B BA20) B A3y —

(di9)(z Ny) = —9([z,y])

forp e u*, x,y eu
d; for 2 > 1 can be determined by a product rule
Correlated Theorem:

(Friedlander-Parshall 1987, Polo-Tilouine 2003)

Suppose p > h — 1. As a T-module,

Huwk~ @ -w-o.

weW, {(w)=i
Note: originally due to Kostant (1961) in characteristic 0.
Question: What about small primes?

Answers: For p > 3, the generic answer holds for H' and H?

Jantzen (1991) - @ a for p > 3

BNP - H(u, k)= @ —w-0forp >3
(w)=2

Eixtra classes can arise for p = 2, 3.
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II. First Cohomology:

w € W with ¢(w) = 1:
ow=3s,foraae A
5, 0=—«

Original Theorem. (AJ KLT) Suppose p > h and A\ € X(T),.

Hl(Gl HO()\)) ~ HO(/Y)O) if A= pYy — @, & S A7 Y S X(T)7
7 0 otherwise.

Theorem. (Jantzen)

e p > 3: the same generic answer holds
e p = 3: there are non-generic answers in types As and G

e p = 2: there are non-generic answers in types As, B, (n > 3),
C, (n>2), D, (n>4), Fy, and Gs.

For r > 1: Use the Lyndon-Hochschild-Serre (LHS) spectral se-
quence

Ey) = H{(B,./B,,H (B, \)) = H™(B,, \).

Theorem. (BNP) Let p > 3 and A € X(T'). Then

HY(B,, \) =
7(7“) jf)\:prfy—piogforvéX(T),OéEA,OSiSr—l
0 else.

Again, there are non-generic answers for
e p = 3 in types Ay and Gy
e p =2in types A3, B, (n > 3), C), (n > 2), D,, (n > 4)
and GQ.

F47

)



Question: Where does the non-genericity come from?
1. Repeated Weights/Doubling of Cohomology

Example: Consider type A, with simple roots a; and . Let
wy and ws denote the corresponding fundamental dominant weights.
Notice that for p = 3

pw1—ay = 3w — (2w —ws) = witwy = 3we—(—w1+2ws) = pwo—aia.

And we find that
HY(B,,p"  Hwy 4+ wy)) = wY) D wér).

Whenever we have “repeated” weights like this, we get a “doubling”
of the cohomology:.

2. Extra Cohomology

Example. Consider type Gy and p = 3. Let oy and as denote the
simple roots with as the long root.

As a T-module, H' (1, k) & a1 ® as @ (30 + ).

And as a B-module, H'(u, k) & a; @ Mg,

where Mg, is a two dimensional indecomposable B-module with head
3ar1 + ap and socle ap.

Hl(B”r‘a pTF)/ - pr_lan) = (NGQ & 7)04)

where Ng, is a two dimensional indecomposable B-module with head
a1 and socle k.

Compare to H'(B,, p'y — p"tay) = A1),

In general, extra classes in H'(u, k) leads to the presence of indecom-
posable B-modules.
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(G,-cohomology: Once the B,-cohomology is known we can use
the isomorphism

)
HY(G,, H'(\)) = indS (Hl(BT, )\)<_7"))

to obtain the G,-cohomology of induced modules.

Theorem A. (Andersen, BNP) Let p > 3 and A € X(T'),. Then
HY (G, () =
{Ho(fy)m fA=p~v—paforacN0<i<r-—1
0 else.

Theorem B. (BNP) Let p =3 and A € X(T),.

(a) G is not of type Ay or G3. Then
HY (G HO(N)) =
{Ho(fy)m fA=py—paforacA0<i<r—1
0 else.

(b) G is of type As. Then
HU(G,, HO(M) =

(H(y +w)® @ HO(y +w)?) i A= ply + p(wi + wo)

=p'(y—wi)—p oy

r—1

) =p'(y —w2) =Py,
HO(~)r) if \=9p"y —paforac A,
0<i<r—2

0 else.




(c) G is of type Go. Then
HY(G, . H(\) =

(HO ()t ifA=p'y—p "'y

indg(NG2 @) i XN =py—play,

HO(4)") ifA=p~v—paforacA0<i<r—2,
L0 else.

Ng, ® 7y has factors v + o and ~.

If\=p'v—play € X(T),, then
d <7705Y> > -1
e (y,a3) > 1

So v + ag is dominant but v need not be.

Case 1. (y,af) =—1
ind5(Ne, ©7) = H'(y + ai)

Case 2. (y,ay) >0

ind%(Ng, ® ) has a filtration with factors H(y 4 ;) and HO(y)
(from top to bottom).

For p = 2, things are similar. In all cases, one can get an explicit

good filtration for H'(G,., HO(A))=7).
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II1. Applications of First Cohomology Results
(1) Extension Formulas:

Theorem. (BNP) Let \,up € X, (T) and p > 2(h — 1). Then
Extg (L(X), L(p)) is a semisimple G-module and

Extg, (L( =~ P Exti(LN), L) @ L(p) @ L)

vemy

where

m={veX(T),: (v,a)) <h}

Note: See C. Pillen’s talk.

(2) B, to G,:

Theorem. (BNP) Let p be an arbitrary prime and A € X(T),.
Then
H2(G,, H'(\)) = indG(H?(B,, )"0,

Proof: Use the spectral sequence

B = Riind¢ (Hj (B,, A)H)) = H(G,, indS \)").
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IV. Second Cohomology
Case 1. l(w) =

Orginal Theorem. Suppose p > h and v € X(T'),. Then
e HX(Gy, k) = indG(u")W,
o H(G, H(py)) = indG(u* @ 7).

Case 2. ((w) =
o w= 5,53 fora,f € Aand a#p
o w0 =((8,a")—1)a—F = ma—F wherem € {—1,—-2, -3, —4}

Original Theorem. Suppose p > h, A € X(T),, and X\ ¢
pX(T). Then

HO(W)(D if A=w-0+pyforw e W with {(w) =
0 else.

HY(Gy, H'(N) = {

Strategy for small primes:
o 1P(G,, HY(N)) = ind§(H2(B,, A) )"

e For r > 1, use LHS spectral sequence to go from H2(B1, A) to
higher H*(B,, \).

e H*(By,\) = H*(U,, )" = (H*(Uy, k) @ )™

e For p > 3, use the spectral sequence of Friedlander-Parshall:
B3 = S @ H(u, k) = HY (U, k).

e Compute H*(u, k).
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V. H%(u, k)

Goal: Show that almost all weights are of the form —w - 0 with
w € W and f(w) = 2.

Lemma. If p = 3, assume that ® is not of type Gs. If v is a weight
of H*(u, k), then

y=a+f
where o € A and 5 € &1, a # .

For such pairs a, 3, we are led to consider whether there exist o €
X(T), p1,02 € A, 0 < i < p,and m > 0 such any of the following
hold:

Equation 1. o + 3 = po

Equation 2. a+ 3 = 1 + po

Equation 3. a4+ 3 =i, + p" 0y + po

Suppose v = a + 3 is a weight of H?(u, k).
Fact 1. If v does not satisfy Equation (2), then H*(By, —v) # 0.

Fact 2. If v does not satisfy Equations (1) and (2), then
H*(B, —v + pv) # 0 for some v € X (T). From that it follows that
v must satisfy Equation (3).

Note. v = —w - 0 = i1 + (s satisfies Equation (3) with m = 0 and
o=0.
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Solutions: (omitting type G when p = 3)

Equation 1.

e p > 3: no solutions
e p = 3: Solutions in type Ay

® ay + (a1 + a2) = —(SaySay) - 0 = 3w
® o+ (1 + a2) = —(SaySay) - 0 = 3w
Equation 2.

e p > 3: no solutions

e p = 3: Solutions in types
® B, ay + (-1 +20,) = — (54,5, ;) - 0
o O a1+ (201 + ) = —(Sa,_,5a,) - 0
o Fi: az+ (a4 2a3) = —(Sa45a,) - 0

Equation 3. Numerous solutions. Restrict attention to weights
o + 3 which actually arise as weights of H*(u, k). In addition to the
above, we find two types of solutions.

Type 1: Weights a + § = —w - 0 with w € W and ¢(w) where
there exists w’ € W with £(w') =2 and w-0 = w’- 0+ po for some
oge X(T).
This occurs for

e p=>51n type Ay

e p = 3 in type As

e p =3 in type Fjg

Type 2: Weights not of the form —w - 0.
This occurs only for p = 3 in types B,(n > 3), C,(n > 3), and F}.
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Theorem. (Friedlander-Parshall, Polo-Tilouine, BNP)
Letp>3andm={—w-0 : we W, {(w)=2}. AsaT-module
Huw k)= A

AerUn!
where 7’ is given below.

Further, it A = —w - 0 with w = 5,53, then the corresponding
cohomology class is represented by ¢o A ¢_i5.4v)ats € A2 (u*).

Here, ¢, € u* is dual to x_, € u for o € &
(a) p >3 or ®isof type A, D, or E,: 7’ = 0.
(b) @ is of type By, n > 3: @ = {a,_2 + 20,1 + 3, } corre-
sponding to the cohomology class
¢an/\¢@n—2+2an—1+2@n_¢an—1+an/\¢an—2+an—l+2an+¢an—2+an—1+an/\¢@n—l+2an'
(c) Pisof type Cy,n > 3: ' = {ay,—9+3ay,_1+a,, } corresponding
to the cohomology class
qban—l N ¢an—2+204n—1+0én - ¢an—2+an—1 A ¢2an—1+an'
(d) @ is of type Fy: ' = {1 + 29 + 3a, g + 3a3 + ay} corre-
sponding to the cohomology classes

¢Oz3 A ¢Oz1+2a2—|—2o¢3 _ ¢a2+a3 A ¢a1+0&2+2a3 + ¢a1+a2+0z3 A ¢a2+2a37

¢053 A ¢Oz2—}—2013+0z4 _ ¢a3+a4 A ¢a2+20z3-

(e) ®isof type Go: ' = {3142, 3a1+3as, 6ag+3as, 4o +2an }
corresponding to the cohomology classes

qbozl A ¢2041+OZ27 ¢a2 A ¢3a1+2a27 ¢3a1+a2 A ¢3a1+2a27
¢Oq A ¢30¢1+20¢2 + gbog—i—ozg A ¢30¢1+O¢2-
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VI. H*(By, \)
Case 1. H*(By, k)
o H*(By, k) = H*(Uy, k)"
e As T-modules, H*(Uy, k) = ( submodule of H?*(u, k)) @® (u*)(V)
Theorem. (BNP) Suppose p > 3. As B-modules,
H2(By, k) = (u)W,

except for
e (Andersen-Jantzen) p = 3 in type As:

H%(By, k) = )V & wgl) & wél).

e (Andersen-Jantzen) p = 3 in type Go: there is a non-split exact
sequence

0— (u) — H*(By, k) — Mc(;12) — 0

where Mg, is an indecomposable B-module with head w; and
socle wy — wy.
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Case 2. H*(By, \) with A ¢ pX (T
HY (B, \) = (HY U, k) @ A)D
Then

H%(By, \) C (H(u, k) @ \)1

Theorem. (BNP) Suppose p > 3 and A € X(T') with A ¢ pX (7).

If H*(By, ) # 0, then A = w-0+pry for some y € X(T) andw € W
with £(w) = 2.

If \=w -0+ pv, then generically

H%(By, \) = AW,

Non-generic answers:
o [fw-0=w-0+ po -see Equation (3), Type 1.

e Extra weights in H*(u, k) - not of the form —w - 0
- see also Equation (3), Type 2.

e Solutions to Equation (2).
- may not yield weights of H*(U7, k)



Doubling: (Assume w -0+ py € X1(T).)

(i) p =15, @ is of type Ay, and w € {Sa,Says SagSa, f» Where
H%(By,w - 0+ py) = HA(By, 2ws + 2w3) = wlV & wil).

(ii) p = 3, @ is of type As, and w € {54, S0y, SasSay }, Where
H(By, w0+ py) = H(By,ws) = i’ @ wi.

(iii) p = 3, ® is of type As, and w € {54,5a4;s SaySas |, Where
H*(By,w -0+ py) = H*(By, 2w3) = wél) ® wS).

(iv) p =3, @ is of type As, and w € {54,5a4,; SaySas |, Where
H*(By,w - 0+ py) = H(By, p) = (w1 + wi)V & (wy +ws)!V.

(v) p =3, ®is of type Eg, and w € {Sa,Sags SagSas b Where
H2(B17 w -0 +p’>/) - H2(Bl7w4) = wgl) D wél)

(vi) p =3, ® is of type Eg, and w € {SaySays SasSag f» Where
H%(By,w - 0+ py) = H¥(By, 2wy) 2wl @& wlV.

(vii) p =3, @ is of type Es, and w € {Sa, 505, SasSag }» Where

17

HY(By,w -0+ py) = BBy, p — w2) = (wy +ws)V @ (w3 + wp) V.
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Vanishing:

(viii) p = 3, ® is of type By, n > 2, and w = s,,5,,_,, where
H*(By,w -0+ py) = 0.

(ix) p = 3, ¢ is of type C,, and w = s,,_,Sq,,, Where
H*(By,w -0+ py) = 0.

(x) p=3, ®is of type Fy, and w = S4Sq,, Where
H*(By,w -0+ py) = 0.

Indecomposables:

(xi) p=3, ¢ is of type B, n > 2, and w = S,,_,Sq, ,, Where
H*(By,w - 0+ py) = (Np, @ 7).

(xii) p = 3, @ is of type Cy,, n > 2, and w = s,,_,S,,, where
H*(By,w - 0+ py) = (Ne, @ 7)1V

(xiii) p = 3, @ is of type Fy, and w € {Sa,Sa;; SagSa, }, Where
H2(By,w - 0+ pyw) = (Np, @ 7).

(xiv) p = 3, @ is of type Go, and w = $4,54,, Where
HQ(Bla w -0 +p7w) = (NGQ %Y 7)(1)'

The modules Ny, are all two dimensional indecomposable B-modules
with factors from top to bottom as follows:

e Np : o, and k

o Nc.: ay,—q and k

o Np,: azand k

o Ng,: ay and k
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VII. H*(B,, \)

For higher r, we use the LHS spectral sequence
EY = H(B,/By,H (B, \)) = H™(B,, \).

Case 1. A € p"X(T)

Proposition. Suppose p > 3. Then
H%(B,, k) = H%(By, k)" V.

Case 2. A ¢ p"X(T)

Lemma. Suppose p > 3, 0 <[ <r,and a € A.
(a) Then
kEifl >0,

H(B;, —pla) = {o if =0

(b) Suppose p = 3 and ® is of type As. Then for i € {1,2},
ko ifl>0
H2 BT —p' 7 = ’
(Br, —pwi) {0 if [ = 0.

For p = 3 in type Gs, also need information about H'(B,, Ng,).
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Theorem. Let p > 3 and A € X(T).
(a) If p # 3 or ® is not of type Az or G then

H*(B,, \) =
(H2(Bl, w-0+py)rY if X=p " Hw- 0+ py)
with /(w) =2 or 0,
~(r) if A =p"y+plw -0,
with f(w) =2, 0 <l <r—1,
¢ if A =py —pley,
with 0 <[ <7 and a € A,
") if A =p'y —p"B8 —pla,
with 0 <[l < k <rand o, € A,
0 else.

(b) If p =3 and ® is of type Ay, then

H*(B,, \) =
(W @w” ®w) @y it A=py,
) if A =p'y—pw-0,
with f(w) =2, 0 <l <r—1,
) if A =p"y —pla,
) with 0 <l <rand a € A,
") if A =p'y —p"B —pla,

with 0 <l <k <r—1land o, € A,
(Y4+w)D @ (y+w) i A=py+p N wr + ws) — Pl
with 0 <[ <r—1and a € A,
0 else.
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(c) If p =3 and P is of type G, then

H%(B,, \)

(H2(By,w-0+py)0=) if A =p ! (py + w.0)

with ¢(w) = 2 or 0,

if X =p"y + plw.0,

with f(w) = 2,and 0 <[ < r — 1,
if A =p'y—pla,

with 0 <l <rand a € A,

if A =p'y—p'B—pa,

with 0 <[l <k <randa,fB € A,
where k £ r — 1 if § = ao, and
k#1+1if f=a; and a = as,
if A= p'y —p" B+ ) — plag,
with 0 <[ <r — land § € A,
if A=p'y—p g —pla,

with 0 <[l <r—1,and a € A,
else.
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VIII. H*(B,

A

Theorem. (Cline-Parshall-Scott)

Suppose A €

X(T). Then
H%(B, \) 2 lim H*(B,, \).

—

Theorem. (O’Halloran, Andersen, BNP)
Let p>3and A € X(T).
(a) If p = 3 assume that ® is not of type G5. Then

H*(B,\) = <

(k if A= plw.0, with 0 <[, {(w) = 2,
ko if A= —pla, with0 <land o € A,
kit A= —pFB—pla, with0 <l < kand o, € A,

L0 else.

(b) Suppose p = 3 and P is of type G3. Then

H*(B, \) = |

(

kooif A = plw.0, with 0 <1, {(w) = 2,

ko if A= —pla, with0 < and a € A,

Eoifd=—p"8—pla, with0<Il<kanda,B €A,
where k £ [+ 1if 8 = a1 and a = ap,

kooif A= —p"HB+ay) — plag, with 0 <l and 3 € A,

0 else.
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IX. H*(Gq, HO(\))

Theorem. (Andersen-Jantzen, Kumar-Lauritzen-Thomsen, BNP)

Let p>3and A € X(T),.

(a) If A = py, then H2(G1, H'(\)) = ind%(u* @ 7)Y except in the
following cases:

(i) p =3, @ is of type As, where
H2(G1; HO(A)) = iﬂdg(u* ® 7)(1) < Ho(w1 + 7)(1) D Ho(wg + 7)“).

(ii) p = 3, @ is of type G, where
H2 (G, H(V)) = ind(H' (By, k)70 @ )1,

(b) If X ¢ pX(T) and H*(Gy, H(\)) # 0, then A = w - 0 + py for
some w € W with {(w) =2 and v € X(T).

(c)lf p>5and A =w-0+ pvy for some w € W with {(w) = 2 and
v € X(T), then
H(G, HO(N) = HO()),
except in the following case:
p =25, ®is of type Ay, and w € {54,54,; SasSa, }, Where

HA(Gy, H'ON) 2 HO(y)Y @ HO(y — wo + w3)V.

(d) If p = 3, one has many non-generic cases including doubling and
vanishing of cohomology:.

And some answers involve ind%(N x, ® 7). In all cases, this module
has a good filtration which can be explicitly determined depending
on 7.
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X. H*G,, H°(\)) Theorem. Let p >3, 7 > 1, and A € X(T),.

(a) If p # 3 or ® is not of type Az or G then
H*(G,, H'())) =

(ind%(H2(By,w- 0+ py)™ D if A=p Lw 0+ py)
with ¢(w) = 2 or 0,
HO(5)") if \ = p"y+ plw -0,
with f(w) =2, 0 <[ <r—1,
$ HO(y)!) if A =p"y —plo,
with 0 <[ <rand a € A,
HO ()" if A =p'y —p"B —pla,
with 0 <[l <k <randa,l €A,
\O else.

— . 2
(b) If p =3 and P is of type Asg, then
H (G, H'(V)) =

(ind%(uw* @ w; @ w)D @A if A =Ty,
HO ()1 if A = p'y —plw - 0,
with f(w) =2, 0 <l <r—1,
HO ()1 if A =p'y —pla,
with 0 <[ <rand a € A,
§ HO(y)!) if A =p'y —ps —pla,
with 0 <l <k<r—1
and a, 0 € A,
HO(y 4 w)" @ HO(y +wy)™) it X = p'y + p'Hwy +ws) — pla,
with 0 <l <r—1and a € A,
L0 else.
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(c) If p =3 and P is of type G, then

H*(G,, H'(\)) =

(indG(HA(By,w- 04 py) D if A = p"(py + w.0)
with ¢(w) =2 or 0,

HO(~)r) if A =p"y+ plw.0,

with f(w) =2,and 0 < [ <r — 1,
HO(y)" if A =p'y —pla,

with 0 <! <rand a € A,
HO (7)™ if A =p'y —p"8—pa,

with 0 <l <k <randa,l €A,
where k £ r — 1if 0 = ao,
and k#1+1it =0

and a = ap,
H ()" if A=p"y —p" (B + 1) — play,
with 0 <[l <r—1and 8 € A,
indf(Ne, ® 7)) if A\ =p'y —play —pla,

with 0 <[l <r—1, and a € A,
0 else.




